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Thinking -*loud protocols of human problem .olver. working on geome- 
try problem* are presented and discussed. Protocols were obtained 
from six individuals \ orking on nine dUferent problems in which 
atructions were used. Nineteen protocols are presented with annota- 
tion and discussion, and other protocols are summarised. The primary 
purpose of the report is to provide documentary evidence relevant to a 
model of planning knowledge that provides an explanation of construc- 
tions (Grceno, Magone. & Chaiklin. 1979). The protocols are consis- 
tent with the general features of the model, but also show ways in 
which human problem solving involves processes more complex than 
those in the model. Illustrations of interaction between formal and 
informal reasoning processes are also noted. 
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CONSTRUCTIONS IN GEOMtrTRY PROE^LEM SOLVING 



James G, Greeno 

LearninK Research and D« vcloprric nt Center 
University of Pittsbur^i:; 

This technical report has two purposes* u presents 

extensive docunnentation relevant to a model of the process of adding 
constructions to diagrams in solution of geometry problems. The 
model is described brieQy in this report and in Greeno (1978); it is 
presented in detail in Greeno. Magone, and Chaiklin (1979). The 
second purpose of this report is to examine relationships between 
processes of formal and informal reasoning in several geometry 
problem contexts* 

Problems were selected for this analysis in order to document 
processes in the model of constructions. Protocols on these prob- 
lems are part of a data base that was collected in a project where 
six high school students were interviewed about once a week during 
the year in which they were studying geometry as a school subject. 
Problems presented to stu<1ents were chosen to represent the material 
being covered ua the course t the time of the interview. The nine 
problems analyzed thxz^ :^port arc all of the problems used during 
the year in which a proof or calculation was achieved by adding one 
or more lines to the diagram. (Problems in which the major task 
was to construct the initial diagram are not included. ) 

The need for a report such as tliis one arises from a weaicness 
ir rz,\ir p ar^nt methodology for studying cognitive processes. The 
main issue m evaluating a model of the kind proposed for construe - 
tions is whetiUer the processes in the model are generally similar to 
the processes used by buman problem solvers. Thinking -aloud proto- 
cols are the kind of data used most often in evaluating a model of this 
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kind, fU^wrvfi^. l>tv mc^drl dor w not makr rin'initr prrdicrionn At^>l|r 
th* fix^ct centrist of a protocol. it couKi m«4tlc to do th«t, but the 
Additioru^l «<i»umption« ne«»de<i to achir^v^^ completr •peciticity would 
b** of minor theoretical int«*r<?iit. Therefore, the questmn of whether 
A protocol provides empirical nupport for a model munt be mnsw^^red 
by a jud|j;ni«nt of whether the proceaaes tn the model provide a plauMi- 
ble interpretation of the performance showr m the prtitocol* Thi« 
judgment im unAvoidably informal, And in ord«*r to ^^eimit conflenitual 
vAlidAtion of such judp^ment*. ^Amplen of typical protocoln *re jjeneraU 
included in publieihed Articlea* However* other invr tttiRaLo r i« are not 
able to judge the extent to which the selected protocol* represert the 
range of performance »hown by a population «ub;ecta* and the extent 
to which the protocols not presente-i are al^^o con:* i.ntent with the genera 
concluaions ^{iven by the -'author* 

An ea»y itolution to thta probli»»m would be to publijih a complete 
collection of the protocols available m an mve ttttgation . This seem* 
inefficient, since to use such raw data, inve sti^ato r would be required 
to duplicate the efforts of the initial investigator in organizing the 
material and selecting relevant episodes for consideration. Further- 
more, very few. if any. investigators would have the time to engage in 
such an examination of someone else's data. Therefore. 1 have opted 
'^or an intermediate presentation in this report. I havr included quite 
a large mimber of protocols - -many more than can be included in a pub- 
lished article. On the other hand, I have selected protocols and por- 
tions of protocols that I believe are especially relevant to the issues 
considered in this report. Those protocols that I have omitted are 
described briefly so that at least a general judgment can be made by 
readers about the nature of the performance that is not reported in 
detail. I also have added remarks to the protocols that are presented 
to facilitate identification of the parts of the protocols that seem rele- 
vant to the theoretical questions at issue. 

2 
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The second purpose of the report, examination of formal and 
informal reasoning. La ha.-.dled less systematicaUy than the first. I 
have takea the opportunity of writing this report to comment on occa- 
sional features of problem solving that seem relevant to the general 
nature of interactions between syntactic and semantic aspects of 
problem solving. Th-se observations are intended as suggestive 
guidelines for fu-uro research and analysis rather than as definitive 
documentation ox any proposed hypotheses. 

Theory of Constructions 

In the interpretation of problenas requiring constructions, their 
solutions are related to two general aspects of problem-solving capa- 
. bility. First, constructions are interpreted as consequences of the 
nature of problem solvers' strategic knowledge- Additions of com- 
ponents to diagrams are considered as procedures of pattern comple- 
tion performed in order to provide prerequisites that are required for 
the execution of plans. 

The second general aspect of problem solving involved in construc- 
tions is the interaction between semantic and syntactic reasoning 
processes- The diagram of a problem represents a set of components 
and relations that constitute a semantic model of the sequence of 
inferences that is given in the formal syntactic solution of the problem'. 
A construction adds material to the semantic model for the problem 
and provides new components and relations about which formal infer- 
ences can be made. The basis of planning knowledge is assumed to 
be a set of patterns that" permit specific formal inferences and calcu- 
lations. Thus, the perforarxancc of a construction is gener^Uy motivated, 
more or less directly, by a goal that is generated in the search for a 
way to apply a syntactic inference rule. 

The theoretical framework used in this discussion is a model 
caUed Perdix (Greeno. 1978; Greeno. Magone. & Chaiklin, I979) 
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which includes a planning mechanisnn that proceeds in a top-down, hier- 
archical fashion similar to that developed by Sacerdoti vl977). The 
knowledge used for planning includes associations between goals and 
alternative plans for achieving i^tjcific goals. Each plan has one or 
more prerequisite features. When a goal is set, Perdix tests the situa- 
tion for the presence of prerequisites of the plans that are associated 
with that goal. If the prerequisites of cne of the plans are found, Perdix 
adopts that plan and works to achieve the goal using productions that con- 
stitute the detailed procedures involved m the plan that is adopted. 

An example involves the goal of proving that two angles are congruent. 
This is associated with three plans* One plan uses triangles that contain 
the target angles and proves that the a^ngles are congruent by proving that 
the trian^jles that contain them are congruent. A second plan ases rela^ 
tionshlps between angles that have the same vertex and proves that the 
angles are con-^ruent if they have an appropriate spatial relationship such 
as being vertical angles or adjacent angles formed by perpendicular lines* 
A third plan uses relationships between angles whose sides are parallel 
and proves that the angles are congruent if they have a relationship such 
as being corresponding angles or alternate interior angles* When Perdix 
has the goal of proving that angles are congruent, it checks for the pres- 
ence of global features that are prerequisites of these plans. The plan 
that uses triangles requires that the diagram contain triangles that have 
the target angles as components. The plan that uses relations involving 
a shared vertex requires that the target angles have the same vertex. 
The plan tiiat uses parallel sides requires that the target angles have 
sides that are known to be parallel. 

Constructions occur when Perdix finds that none of its available 
plans is feasible because all the tests for prerequisites fail. The pro- 
cedures that produce constructions are based on patterns tliat contain 
the prerequisite features of plans. Perdix is able to identify components 
of a diagram that match a subset of the components of a satisfactory 



pattern and perform an action that supplies a component that is missing. 
For ejcamplc, a pattern that contains the prerequisites for proving con- 
gruence of triangles ha? two triangles that share a side. Perdix can 
identify a quadrilateral or a triangle as containing a subset of compo- 
nents of this pattern and add the needed line segment {the diagonal of 
the quadrilateral or a line frort* one vertex of the triangle to the oppo- 
site side). 



Problem-Solving Protocols 

The problems discussed in this report represent a considerable 
variety of patterns that students acquire during their study of geometry • 
Problems 1 and 2 (see Figures 1 and 9) can be solved by completing a 
pattern involving parallel lines a transversal. Problems 3 and 4 

are solved by adding a line that partitions a figure into two triangles 
with a shared side. This pattern is one that can be used to prove that 
components of a diagrar-i are congruent, as corresponding parts of con- 
gruent triangles. Problems 5^ 6, and 7 also are solved by completing 
triangles in the diagrams. In Problem 5 (see Figure 17). the construc- 
tion is the base of an isosceles triangle added internally in a triangle 
specified to have one side longer than another. Problem 6 does net 
require a construction^ but -ome subjects added a diagonal of a quadri- 
lateral in order to use the triangle Lneqtiality. Problem 7 uses the 
Pythagorean theorem, and right triangles must be constructed so that 
their diagonals can be caXctilated*. Problem construction involves 
forming the central angle corresponding to aa arc of a circle. The 
radius or radii used to form the central angle also are parts of isosceles 
triangles toat are either formed or must be completed, depending on 
>5*ich case of the theorem is considered. Problem 9 involves construc- 
tions that transform a trapezoid into another figure- -either a rectangle 
or a parallelogram. 

As an aid to reference, figures and tables that present the protocol 
information are listed in the Table of Contents, pages vii-x. 



Problem 1 

The problem was the one shown in Fig^ire 1. Students had bcgixn 
to study relationships between angles with parallel sides* It is con- 
ventional in geometry that solutions to problems such as this require 
a series of steps^ each corresponding to an inference that can be justi- 
fied by a postulate or theorem* Thus, a solution consists of a numeri- 
cal answer, accompanied by a proof that the answer is correct. The 
solution that I had in mind for the problem uses construction of a thii*d 
line, parallel to AB and DE, through point C, This line divides ^ into 
two parts, each congruent to one of the given angles* This solution 
was not found by any of the subjects initially, and in fact only one of 
the students found a solution when the problem was presented initially* 
I presented additional problems to the students, and this resulted in 
their finding new ways to approach the problem* 
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Figure 1. Problem 
6 
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Subject 2 . The problem was solved successfully by Subject Z, 
whose protocol is given in Table 1* 



Table 1 

Protocol by Subject 2 on Problem 1 



Wow, here's a sort of an orr'inary problem. (Pause.) Think 
out loud while you look at it and figure out what you're doing. 

S: AB is parallel to DE — I'm just reading it over* (Pause.) 

E: Now, when you look at the problem, tell me what youVe look- 
ing at, or tell me what you're thinking about the angles ... 

S: The angles EDC and BAG, I'm thinking how they correspond 
to each other. 

E: Mmm^hmm. 

*1 S: Let me see. (Pause.) I *m wondering . . . I'm wondering 
about how . . * whether . . . what definition of supplement 

... whether the three angles are supplementary or not. 
l^et's see, 

Er Why are you thinking th»y might be? 

S: I don't know. I'm just . . , I'm drawing the conclusion for 
some thing to work from, I guess I should say. 

Ei ^^xnxn * hmxn • 

*2 S: Let's see. (Pause.) Now, my train of thought is . . . I'm 
drawing atixUiary lines in my head and I'm trying to figure 
OMt where ... I'm trying to ^nd out what other, you know 

E: Mmm^hncim. 

S: ... make other things in my mind. 

Ei Okay. Let's draw a rough sketch of the thing down here, so 
you can show me what sorts of axixUiary lines you're con- 
sidering. Okay? 

*3 S: Okay. I was considering these two. 

E: Mimu^hxiiiii. Those are extensions of . • . 

Si Yeah» of these, of A. 

E : OkAy . 

S: Uhm . • . shoot. I don't think they're going to be much help 
here. Let me see. Oh, hold it. (Pause.) Okay. (Pause.) 
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E: What came to miiid when yooi said hold it? 

S: Oh, I was just thinking of • • » I was looking at these two 
angles and these two angles, and whether • . . they're not 
interior * • * 

E; You mean, sixty and x7 Is that what you were thinking of? 
S: Yeah. 
E: Okay* 

*4 S: Now, if there's a line, a transversal, that cut them straight^ 
then forty and sixty, then this . • • say C was on that trans- 
versal, the CDE and BAG would add up to eighty, or add up 
to one eighty. (Pause* ) And, for some reason, I'm tending 
to think that C would be eighty, but I can't draw that conclu- 
sion without proof. 

E: Mmm-hrrim- 

S: I need something more to work on* 

E: Okay. (Pause. ) 

^5 S: All right, now, if this were sixty, then this angle must be 

one twenty, making this angle also sixty. All right, making 
this angle eighty* Now, if this was forty . - . this angle is 
also forty^ and this is one forty, and this also is eighty, 

E: Okay. 

S: Now, therefore, the C must be one hundred because the two 
must add up, are supplementary angles. 

E; ^stoirm-hmm. Because of the way you drew the lines ... 

Si And so angle x is one hundred. 

E: Uh-h\ih, good, that's right. Great. 

S: I'm not sure if I figured it out the right way* There must be 
an easier way than that. 

E: I'm not sure thers is. How did you know that this was going 

to be eighty after you knew that that was a hun:^red and twenty? 

*6 S: Yeah. I just always know that the angles of a triangle add up 
to a hundred and eighty* 

E: I see* Okay* So you were really using these two being a 
hundred . . * 

S: Uh-huh. 

E: . , . and subtracting that from a hiindred and eighty. 
S: Right. 

E: Fine. 

8 
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The diagram drawn by this subject is shown in Figure 2. The 
comment at *1 apparently indicates that the subject tried to find a 
relation using the information in the diagram. At *2, the subject con- 
sidered additional lines, which were put into a sketch of the problem 
at *3. At *4, the subject considered the relation that the two given 
angles would have if they were formed by a single transversal. Then 
at *5, the subject applied tha* same relation to angles formed by the 
transversal that had been added to the diagram in the construction and 
used the sum of angles In a triangle (mentioned at *6) to get sufficient 
information to solve the problem. 




Figure 2. Drawing by Subject 2 on Problenri 1. 



Subject 6 , Subject 6 did not solve the problem intially. This 
subject ejct ended the lines AB and DE toward the left in the diagram 
and inferred the measures of the angles supplementary to those that 
were given* but did not add other constructions and did not see how 
to proceed further* I then gave Subject 6 the problem shown in Figure 3. 

9 
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Figure 3, Auxiliary problem given to Subject 6 and Subject 5. 



The subject was unable to solve the proble: a; the Subject ztiejationed 
that the angles appeared to be cotnpleTrLentary. I sketched the diagram 
with lines extended showing the usxtal pattern of horizontal lines with 
an oblique transversal and rexxiinded the subject about altern#r.te interior 
angles* The subject appeared to understand the solution. 

Wc returned to Problem 1; the protocol is in Table 2. At *1, the 
subject recognized the discrepancy between the diagram and the pattern 
used in the intervening problem, and at *2, the subject found a way to 
supplement the diagram to provide transversals, as shown in Figure 4. 
At =^3 and the subject saw that inferences could be made about some 
of the angles in the diagram^ but this did not lead to a solution. (The 
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fact tha.t the sum of angles in a triangle Ls 180*^ had not yet been given 
in class; Subject 2 had recalled that fronn earlier study. ) 



Table 2 

Protocol by Subject 6 on Problein 1 



Er Now I*d like to ask you whether that gives you any ideas about 
maybe sol'.'ing this problem. That's forty, that's sLjcty, and 
that's X. 

*1 S: Okay. Well, if . . . okay* (Pause.) I was going to say it 
looks like ... not corresp>onding, but ... see, the thing 
In that other one is that it was cut by a transversal, and in 
this one it's crooked in here^ and it's hard to match them 
up, so I , . • 

E: Right. 

"^Z S: Uhm ... well, it almost looks like if you ejctended this line 
down to tCiere . . . 

Ei Mmm-hmm, right. 

S: ... and that line up to there, you'd have a transversal. 
E: Right, 

*3 S: And it would work either way. If you took this transversal 

right here, you'd have - . . let's see . . . alternate--! mean-- 
yeah, alternate interiors. 

Ei Right, 

*4 Si And if you went with this transversal, you'd have one on either 
side, or alternate interiors* 

Er Mnnm— hiTum. 

Si So ... no, wait a minute. Excuse me. They couldn't be 

alternate interiors, because they'd have to be equal. (Pause*) 
Wait a minute. Okay, I've got a transversal here . . • all 
right, so if I taJce these and just ejctend these that way* -this 
will just help tne, so then I can ... and they're cut by a 
transversal. That means corresponding angles are going to 
be equal. So this woxild correspond with this, and this would 
correspond with * * . this angle would correspond with * . . 
I don't know. I cant fign^re it out. 
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E: That's okay* That's a hard problem. 
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/^•^ c/ ^^^^ 

Figure 4. Drawing by Subject 6 on Problem 1. 

The constnictions made LnitiaHy by Subject 2, and after work on 
the problem of Figure 3 by Subject 6, seem consistent with the idea 
that constructions are motivated by patterns that can be completed by 
adding lines to the diagram. The pattern involved tn these construc- 
tions is apparently the pattern of parallel lines intersected by a trans- 
versal. The construction was apparently not motivated by a clear idea 
of the way in which it woxad lead to solution of the problem. Subject 6 
did not find a solution, and Subject Z only foimd the relation of angles 
in a triangle a-fter considering other possibilities* Thus, the con- 
struction can best be interpreted as a res\ilt of working forward, see- 
ing a way to modify the diagram by completing a pattern that was 
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pa^rtially matched in the initial situation and that seemed to provide 
additioxial relat^w'^n involving the given infonnation. 

Sixbject 5. A different solution was foxind by Subject 5^ who also 
failed to solve Problem 1 initially. This subject mentioned the possi- 
bility that the two given angles with the unknown angle might be supple- 
mentary (i.e. . all add to 180*^) and inferred the supplements of the 
^Iven angles, as Subject 6 did* I gave the problem in Figure S. Sub- 
ject 5 gave the answer 40^, but when I mentioned alternate interior 
angles, the subjecv changed the answer to 50*^. When I a:>ked why the 
first answer had bc*^n 40*^, the subject said, ''Well, I was thinking of a 
perp«dicular line." During work on the problem in Figure 3, the sub- 
ject asked to see Problem 1 again. The subject said, "I could think of 
it that way with this one, " I said, ''What way?" and the subject said, 
"Put the perpendicular line, The subject then added the construction 
shown in Figure 5 and solved the problem using the sum of angles in a 
triangle. (Most of the discussion in the protocol related to arithmetic 
error that led the subject to the answer of 110*^ rather than 100*^.) 




Figure 5. Drawing by Subject 5 on Problem 1. 
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Subject 5'3 solution to Problem 1 is unorthodox, but legitimate. It 
is unclear why Figure 3 inade the subject think of perpendicular lines, 
but having bad that idea, it provided a pattern for Problem 1 that led to 
a solution. 

Further work by Subject 2 . None of the constructions mentioned 
thus far agreed with the one I had in mind when I presented the problem- 
Subject 2, who solved the problem, was given the problem shown in 
Figure 6. 




Figure 6. Auxiliary problem given to Subject 2, 

The protocol is given in Table 3, and the sketch drawn by the sub- 
ject is in Figure 7. Note that the construction used initially completes 
the pattern of paraUel lines intersected by a transversal^ which the sub- 
ject nnentioned at *1 in the protocol. At the subject noticed the sim- 
pler solution based on direct relationships between the given and \inknown 
angles. 
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Table 3 

Protocol by Subject Z for Problem in Figure 6 
S: Angle » and angle t . . . all right. 

E: Can you tell me at aU what you're looking at in the diagram 

when you're first getting set up and thinking about the prob- 

1 . 



S: I'm actually thinking about the way that angle . * . or tiiat 
line YW would correspond to VU and XJW, how it would hit 
YZ and how that they woxild correspond to each other. 



cal about the way I»m going about this. (Pause. ) Hold it* 
(Pause. ) Oh. 

E: What did you think of? 

Sr Very simple. This is eighty and this is sixty by the interior 
angles on the same side of a transversal add up to a hundred 
and eighty. 

E: Tciat's great. 

S: Should have thought of that first. 



lem? 




I might oe able to . . . 
feeling very mathemati- 




Figure 7. Drawing by Subject 2 for the problem in Figure 6. 
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After solvijag the problem in Figure 6, Subject 2 spontaneously 
mentioned that Problem 1 might be solved using the same pattern. 
The protocol is in Table 4. and the sketch drawn by the subject is in 
Figure 8. 



Table 4 

Protocol by Subject 2 on Problem X, Repeated 

S: I think I could have used that thing in the other one, too* 
E : Could you ? 
S: Hold it. 

E: You want to go back and look at it, see if there's a way? 

Here, you can hold onto this one if you like* Start over with 
another diagram if you want to* 

S; If there'* another parallel line, across, with C, if • * - if 
there's another parail«;l line here * , • and • • • hold it* 

*1 I can't* because I don't know whether*-! wouldn't know 

whether this line with C as an end point would bisect it, x* 

*2 If it did I could figure it out, because I have forty here, there- 

fore this must be one forty here* It's on the other side of the 
line, fio this has to be forty also* Oh, yeah. I could have. 
(Pause* ) 

*3 Sixty. Yeah, A hundred, yeah, I coxild have done it. 

*4 It's the interior angles . * * the alternate interior angles arc 

the same, and the * * • you would have just added them up* 



Subject 2's use of the pattern involving a third parallel line ap- 
peared to be yet another case of completing a pattern in working for- 
ward. The construction did not lead inrimediately to a solution. In fact^ 
at *1 In the protocol, the subject seemed dubious because the added 
line was not a bisector of the unknown angle. However, in continuing 
to work forward at *2, the subject inferred the measure of part of Ix, 
and at the other part of and the measure of were inferred* 

Note that the relation of alternate interior angles was not noticed until 
after the problem has been solved, at *4. 
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Figure 8. Drawing by Subject 2 on Problem 1, repeated. 

IXscussion, Protocols on Problem 1 were generally consistent 
with the pattern-based mechanism in Perdix for making constructions. 
The constructions that subjects made on Problem 1 seem to have been 
generated mainly to complete the pattern of parallel lines intersected 
by a transversal* The protocols show no evidence that any definite 
use of the constructions was anticipated wiien they were produced. 
The relationship of constructions to the search for a formal proof seems 
to have been rather general. Subjects apparently realized that they 
knew theorems that could be applied if the pattern of parallel lines and 
a transversal coxild be generated; however, they did not have definite 
theorems in mind. 

Problem 2 

The problem shown in Figure 9 was given about one week after 
Problem 1» and students had been working on problems involving paral* 
lei lines in the meantime. The four students who worked on this prob- 
lem had successfully solved another problem that involved relationships 
between angles based on parallel lines ^ but that did not require a con- 
struction, 
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Figure 9. Problem 2. 



Subject Subject 2 solved the problem successfully; tl^e pro- 
tocol is in Table 5, and the subject's work is shown in Figure 10. 
Note that Subject 2 constructed the third pa.allel line spontaneously 
for this problcTTx. There is concern expressed at *l about whether 
the added paraUel woxald bisect At the subject indicated chat 

the pattern of alternate interior angles motivated the construction. 
At *3p the subject remarked about using variables; this led to setting 
up equations. The solution was apparently found at *4p based partly 
on ejcamining the equations that had been written. Further discussion 
with the subject indicated that the subject had considered the possibility 
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bisector for ^ because then only one variable would have been 
'^d to find the measure of 

Table 5 

Protocol by Subject 2 on Problem 2 



S; Find an equation connecting X, and Z. (Pause.) Okay 
. . . okay, if I • • • if 1 draw a line that . » • if t draw a 
line that is parallel to AB • • * 

E: Mmm-bmm* 

S: . , . and CD^ and cuts through Y • . « 
E: Mznm-hinm. 

S: And I have and I have X. 
Es ]N^mm*hjTim9 

S: Okay# uhzn ... let me think . • • X^ angle X is congruent 
to . . . could He tough, (Pause. ) Oh, that won't work, be- 
cause * • * nr / thought process isn*t working; because I'm 
thinking that Y is bisected, and I'm not sure whether it could 
be. 

E: Hinm. 

S: Uh • • . (pause) ... h mji i. 

E: WTiy did you think of drawing the parallel? 

S: Because then I could work with Y, or a portion of Y being an 
alternate interior angle, 

E: Mznm^hxnm, okay. 

S: And X and the portion of Y being an alternate interior angle. 
£r Mmm-hmm. (Pause.) 

S: Now • • • if I use ... gosh. If I could use a variable before 
the Y . . . 

E: Mmm-^hmm. 

S: • • • for the ... if I co\ild use the variable X and Y, or . • . 
we don't want the sj»me letters. Z and P. 

E: Fine. 

S: Okay.. (Pause. ) Measure of angle ... we know that mea.8- 
ure of angle . . . Q, plus the measure of angle P equals the 
measure of angle Y. Okay. We know measure angle P equals 
measure angle Z^ and we know measure angle Q equals . * . 
measure aoigle ... 
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Oh^ okay. That's what I want* Therefore^ we know that 
measure angle Z plus the measure oi angle X is equal to 
measure of angle Y. Yeah, okay. 





Figure 10. Drawing and writing by Subject 2 on Problem 2. 
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The solution ^iven by Subject Z differs from the one g-ven by this 
subject for Problem 1 in an interesting way. In thi^ problem. Subject j 
apparently had a rather specific idea about the use to >e made of the 
construction, relating it to a specific theorem (alternate interior ang.es) 
rather than the general set of theorems about parallel lines. This pro- 
tocol also includes an mteresting example of interaction between semai- 
tic and syntactic processii g. The construction was apparently motivated 
by a need to relate components of the problem. Once the relations were 
created, the subject translated them into algebraic form, and this syn- 
tactic expression apparently provided the basis for the solution. 

Subject 3 , Subject 3 also solved the problem successfully; the 
protocol Ls in Table 6 and Figure 11. After contemplating for a time, 
the subject announced the solution at * 1 . The protocol is retrospective* 

Table 6 

Protocol by Subject 3 on Problem 2 



S; What does connecting mean? Connecting how? 

E: It just means that there's an equation that has X, Y, and Z 
in it. 

S: AH right. (Pause.) 

E: What are you thinking ? 

S: I'm not,, yet, really. 

E: What are you looking at? 

S: The figure. 

E: Okay. What are you trying to find there? 

S: Uh . * . a connection, 

E: Okay. 

S: Sorry. (Pause.) 

E: What kind of connection are you looking at? 

*1 S: Hang on a second. X plus Z equals Y. 

E: That's the answer; can you show me why that works? 
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S: 'Cause . - . I*m going to have to draw that* wait. (Pause. ) 
I draw a line through whatever point that is. A. That down 
there is Z» and that is X. and these two are now . . . well, 
you want me to give you theorems and postulates and all? 

E: Well* just tell me a little more exactly what you mean by 
these two. 

*2 S: Okay, for every point on the exterior of a line* you can draw 
one line parallel to your original line. And a ^* I did, and 
this is a transversal, and so these two are equal. 

E: These two--one of them is Z--and the other one is what? 

S: X and half of Y. 

E: Okay. 

S: So> X is eq\xal to the other part of Y. 
Et Mmm-hmm. 

S: And so. Y-1 plu.s Y-2 equals Y, a; d so, using substitution 
you can get . . . you want me to prove this* or do you want 
me to just . • * 

E: You're proving it. 

S: No. I'm not- I mean* I'm not writing out one of those two- 
coluxzin proof jobs. 

E: No* that's all right. You're saying everything you'd write out. 

Yeah, okay. And then* X plus Z equals Y. 

E: Okay. The only thing you didn't say Is why it is that Z is 
congruent to that part of Y. 

S: Alternate interior. 

*3 E: Right. Okay. good. Now* do you remember solving prob- 
lems like this before? 

S: Just what do you mean by like ? 

E; EHd you ... solving problems where you put an extra paral- 
lel line in. 

S: No. 

E: Okay. (Pause. ) Do you happen to know what made you think 
of putting an extra parallel in? 

S: Well* we've done them in cls^ss* but I don't think that^s what 
n:iade me think of it. It's just what you do. 

E: Uh-huh. 



22 

EKLC 



S: Wcllp you have to . . . to use any of the postulates you know 
you have to have parallel lines with transversals. 

E: Mmm-bmm* 

♦4 S: And so the only wry 1 was going to be able to put a connec- 
tion was to have parallels with transversals. 

E: Mmm-hmm, 

*5 S: And so I thought about pulling those down, but that didn't get 
me anywhere. 

E; Ah» I see. Okay. 

*6 S: So 1 put one in the middle. 

E: Mmm-hmm. Okay you did think of pulling them down, like 

S: Yeah. 

E: Okay. And, how did you decide that that wasn't going to get 
you anywhere ? 

*7 S: There's no connection. 

E: Between . . . 

S: X and Or X and Y, for that matter. 

E: Yeah. Okay» good* 

The subject made a sketch of the diagram, including two added lines. 
This is in Figure 11. At the subject indicated the relations of 

congruence between ^ and and the component of My question 

at *3 was asked because this subject had solved a problem like this 
one about a year earlier; apparently the subject did not recall that 
c^P«i"i«nce. At *4, the subject indicated that the construction was 
motivated by a general search for connections. The remarks at *5 
and *7 indicate that the subject first considered forming a transversal 
by extending one of the oblique lines, but that did not lead to relation- 
ships among the angles in the problem-. The comment at ^6 suggests 
that the construction that worked was probably motivated by a general 
search for relationships rather than by any specific theorem. (Sub- 
ject 3 was not interviewed on Problem 1.) 



23 



EKLC 



Figure 11. Drawing by Subject 3 on Problem 2. 



Subject S, Subject S's protocol on Problem 2 is Ln Table 7, and 
the diagram drawn by the subject is in Figure IZ* The subject remem- 
bered Problem 1; howeverp recall that Subject 5*s solution to Problem 1 
involved drawing a perpendicular line between the parallels* and that 
pattern was not ased in Problem 2. 

Table 7 

Protocol by Subject 5 on Problem 2 

E: Now, this one might be a little toug.^* Have a look at this 
and see • • • 

S: I remember this* 

E: Oh» you do, hxxh? You remember it from when? 

S: One like this a couple of times * • ^ 

E: That's when I had one like that. 

S: Yeah. 

E: I wa<: wondering if you'd remember it- 

S: Connecting X, Y, and Z* 




.AT a diagr«^m if you want. 
* \s I never looked this one up. 
^ooQ, -I, c4fcn*t remember whether we got a /^lution or not. 
Well, 1 thinJc you showed me. 
Oh. did I? 
Well, I'm not sure. 
Well * . • (pause). 
WeU . . . 

What are you thinking, what are you trying to find? 

I was thinking a hundred and eighty minus X plus Z, the 
quantity of X plus Z, ec^uals Y. 

Okay. Why do you thixUc that might be true ? 

Well, because ... that can*t be right, because the larger 
these get* the larger this one gets. 

Oh* that's interesting* 

Can't be right* So^ another equation. 

How could you tell that they sort of go together that way? 

Well, because the larger these two angles are, then . , . 
ultimjitely they'll be perpendicxilar to these two lines* 

That's true* "Dkay. 

And these would be ninety degrees, and this would be a 
hundred and eighty. 

Okay. (Pause. ) 

Well, tber the other one would be X plus Z equals Y. That 
would be another way to do it. And X plus Z equals Y equals 
a hxindred and eighty. (Pause, ) I should remember tHat one. 
What you told me. I'm pretty sure we worked this --it might 
have been a different one* 

Well, in fact it wasn't quite the same* Why don't you draw 
the diagram over there. And * • * and then, see what you 
know tha^t you might be able to use. You may have to add 
something to the diagram in order to make it work* 

WeU, I could ejctend this* I could extend the lines. I could 
try working it out like in a proof* I could extend this one. 

Okay. 

And, since these two are parallel * . « 

Z5 




E: Yeah, 

S; And I can extend this one. (Pause. ) 

E: Now, Did you have any reason for extending those? What 
did you think it was? 

*5 S: Well, it might help nne, but, since these two are parallel I 
can look for something that I coxild use that will help me. 
One of these corollaries. 

*6 S (cont'd): I'm thinking nnaybe I can use a triangle here. 

E: Okay* (Pause, ) 




Figure 12. Drawing by Subject 5 on ProWeni 2. 

At *1, Subject 5 mentioned a conjecture, that the three angles 
would sum to 130^. Th*a conjecture also occurred to this subject in 
Probl*L.m 1, The comment at *2 represents an interesting instance of 
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semantic rcAsoning to tc«t the conjecture. The subject realised that 
if the three angle* »um to a constant, then as two of thorn increase 
the other must decrease, and that does not hold in this situation. At 
*3. the subject actually found the solution for a special case of the 
problem, where ^ and ^t. equal 90° and ^ is 180*='. This idea was 
not pursued to a general solution. 

At ♦4, the subject formed constructions by extending the oblique 
lines. The comment at *5 suggests that this was done in order to 
complete the pattern of parallel lines intersected by a transversal. 
At *6. tne subject n»entioned that triangles are available; it is unclear 
whether that idea was present when the constructions were formed- - 
the triangles might have been noticed after the construction was com- 
pleted. In any case, the i*ubject did not succeed in finding relation- 
ships that could be used to solve the problem. I suggested the con- 
struction involving the third parallel, and Subject 5 successfully solved 
the problem with that. 

Subject 6. Subject 6 also faUed to solve the problem. The con- 
struction shown in Figure 13 was drawn, with the remark. . . these 
two lines arc parj^Uel and I cut it by a transversal. " Later the subject 
said, "I might be able to use some of my . . . some of my, you know, 
postulates or theorems that 1 know . . . to . . . to try to get an equa- 
tion. However, the solution was not found. Note that this subject did 
not mention use of the triangle. (Recall that the class had not included 
study of properties of triangles when I presented this problem. ) When 
I suggested the construction with the third parallel. Subject 6 con- 
sidered the possibility that the new line bisected ^ and also that the 
two parts of ^ might be complementary. {Apparently, both of these 
conjectures were based on the appearance of the diagram. ) However, 
the solution of the problem was found only with considerable coaching. 
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Figure 13. Drawing by Subject 6 on ProbJem 2. 



rHsrussioD , The protocols on Problem 2 aleo were generally 
supportive of the id<:as in Perdix. These protocols gave further evi- 
dence of the use of the pattern of parallels and transversal as a basis 
for constructions* The pattern involving a third parallel line also 
was used by two students. In three of these four protocols p the con^ 
stractions were apparently produced during a general search for 
relationships among problem compoiients. However. Subject 2 
apparently saw the use of the construction more specifically. An 
intriguing conjecture is that increased knowledge about the domain* 
including more practice in solving problems, could produce a more 
differentiated knowledge structure that would enable a problem solver 
to identify more specific patterns that would be produced by construc- 
tions. This kind of mechanism woxild relate closely to the well-known 
pattern-recognition skills of Go and chess players (Chase & Simon. 
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1973; Reitntan. 1976) »nd would provide a b^ais for explaining tne 
usefulness of this skill m actusl plAy. sine** fhiu requires the ability 
to see i>atte rns thAt can be produced by appropriately chosen moves, 
in addition to pattterns that are present in the situation. 

Some exa^mples of semantic processing also occurred in the 
protoc j»ls for Problem 2, The spatial processing exhibited by Subject 
5 provided an interesting example of semantic testing of a conjecture, 
and the use of algebra by Subject Z gave an interesting ca*c in which 
semantic processing suggests a representation in the formal language 

Problem 3 

In this problem, given about a month after the first two problem 
students were asked to prove Jfc theorem- -the base angles theorem tor 
isosceles triangles, in presenting the problem. I mentioned that I 
wanted to aee whether the student might remember the proof of the 
theorem or figure it out, I then stated the theorem in the form: "If 
two sides of a triangle are congruent, then the angles opposite those 
sides are congruent.'* This theorem had been presented and used in 
homework* but the proof had not been memorized* and it is clear that 
the students were not simply recalling the proof. 

Subject 2. Subject 2's protocol is in Table 8 and Figure 14. 
The auxUiary lijae was drawn at *l, and at *2 the subject mentioned 
that it would be used to provide congruent angles. In retrospect, at 
*3 the subject noted that the s ide- angle • side pattern had been in mind 
when the construction was made* 

Table 8 

Protocol by Subject 2 on Problem 3 



S: Okay, my first step would be . . . AC is congruent to BC , 
And that would be given* 

E: Mmm*hmm« Right. 
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All right* Two would Ihp * . . lest** mne. wh^t do I wanf!* 
OrAw a line that bisccta C. 

Now do you have a reason for drawing it that way that you 
have in mind ? 

You mean instead of drawing it so that it bisects • . • 
Yeah. 

Wlky I said it bisects C? 
Yeah, 

Because I want ACX» I*m going to call it, to be congruent 
to BCX. 

Okay* (Pause ^ ) 

And that^s • . « through an angle^ a bisector can be drawn. 
Okay. 

Or. through an angle, only one . . 
Right* (Pause. ) 

And ... three* let^s see ... okay. ACX» angle ACX is 
congruent to angle BCX» b^caviae definition of a bisected 
angle. 

Mmm - hrrun • 

Four ... CX is congruent to CX by the reflexive property 
. . . of congruent segments. 

Mmm-hjTxm* 

And finally* -or not finally --^triangle ACX is congruent to 
BCX by the side -ajigle* side. 

Mmin-hmm, 

A^d six ... angle A ia congruent to angle B because cor- 
responding parts of congruent triangles are congruent. 

Right. Okay. Now> when you decided to draw the bisector 
« * . 

You said you wanted those angles congruent. jDid you already 
have in mind that you'd use side*an^le-side» or did tha.t come 
up later when you saw where the Line went? 

Well, I looked at it because the restrictions that I was going 
to place on the auxiliary line • * . 

Yeah. 
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S: I had to decide whether I had to say . . . make the line per- 
pendicular to AB . . . 

E: Right. 

S: Or I could say make it bisect AB, or I could make it . . . 
congruent to» or make it bisect angle C. 

S: And if I madf,- it . . . let me think, I could do it two different 
ways. And, I looked at it and 1 ruled out having it bisect AB 
right immediately because I could see it gave me side -side. 

E: Mmm-hmm. (Pause.) 

S: Oh, I think all of them would work, in fact. (Pause.) Yeah, 
I think I could have done all of them. Beceuse with the 
others you could use either side -side-side or with the per- 
pendicular you could use the . . . you could use the HL. 

E: Right. 

S: But when I looked at it, I didn't think of these immedUtely, 
while I saw the side-angle-side immediately, so I decided 
to bisect ... I just used the one I saw first. 

E: 4*U1 right. So when you decided you wanted that angle . . . 

S: Mmm-hmm. 

E: ... did you also have in mind that you*d be able to use the 
common side? Had that occurred to you at that point? 

S; That just went right along with it, yeah. 

E: Okay. 

S: I mean, I just . . . didn't even think about that. That's some- 
thing that just comes, you know, you don't even have to think 
in using it with triangles like that, because it's just some- 
thing that's apparent. 

E: Okay, great. 
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RgjfB 14. Drawing and writing by Subject 2 ori Problem 3* 

Subiect 3, Subject 3 also solved this problem by constructing 
tlic bisector of the angle at the apex and obtaining the pattern side- 
angle -side. However. Subject 3's protocol was not clear about the 
sequence of ideas that preceded construction of the bisector. The 
protocol includes the reTnarki "pTn trying to remember how we did it 
in class. I was trying to remember if I put that in. how I'd either 
prove that this is, you know, going at right angles, or . . . oh, I iuaow. 
Okay. So you draw in your auxiliary line, which is CX and ... Shoot, 
I was wrong. It doesn't matter, 'cause I was wrong." iHc subject 
then gave the proof in which CX was speci-fied as the angle bisector. 
It seems likely that the construction preceded clear knowledge aboixt 
the relations that would be used in the proof, and that a pattern of rela- 
tions was considered in deciding how to specify the auaciliary line. 
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SttWact 4> Sol^^ct protocol Im in Tabl« 9 u>d Figure 15. The 
MmSliMTY wa« constnieted «t ^1, i»li«re the subject rexnarl&rd that 

its nee wme Mt yet identified* At ^Z, the eobject had identified the 
a mriHer y line me the engla bieector; ^3^ in retxoipeet, remerked thmt 
the pettern of congruent trinnglee hed been in mind wliu tiie anadlisry 
line wne dx&wn^ Jind et noted tbet the property of e ehered side wme 
e goal of the conetraction« 



Tabic 9 

Protocol by Sobject 4 on Problem 3 



Okay, Lf two eidee of a triangle are congruent^ eo • • . 
draw a triangle. 

Okay* 

Sx Then Oie anglee opposite thoee sides are congruent. Okay, 
mo, like, if I have . . , given; triangle ABC — I'll letter it 
ABC. 

Right. 

St And then 1 have « . « prove: * • * do I already have these 

two sides given? Okay. Two sides of a triangle are given* 

Ez Mmm-hnam* 

Sz Let me go back to my given and say that segment AC is con- 
gruent to segment BC, 

Ez Okay. 

Sz And I want to prove that angle A is congruent to angle B^ 
Ez Good* 

Sz All right. l#et me write down my given. Okay. And mark 
my congrttent sides. Okay, so^ £ want to prove angle A 

is cox>gmetit to angle B« Now, let's see. So yon want ... 7 

Ez Yeah. Why are yon drawing a line there ? 

*1 S: I don't know yet. 

Et Oh, tiiat>s okay. Z>onit erase it. 

Sz I'm going to do it, no, I jtist . . . 

Ez Oh, okay, fine. 
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S: Okay . . . okay, then I coxild . • ♦ if I drew a line . • . 

*2 S: That would be the bisector of angle ACB, and that would 
give me . • • those congruent angles ... no. (Pause.) 
Yeah, well, that would give nne those congruent angles, but 
I could have the reflexiv property , so this would be equal 
to that* Okay, I*ve got it* 

Ei iy. 
S: Okay, 
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Now, before you go ahead and write it all down, when you 
said you were going to draw the line • ♦ . 

S: Yeah. 

Kz And I said why are you doing that, and you said you didn't 

know yet^ what do you think happened to give you the idea of 
making it the bisector? 

*3 S: Oka.y, well, I have to try to get this . * • I have to try to get 
triangle ACD congruent to BCD. Because, if I do that> then 
angle A is congruent to angle B because corresponding parts 
of congruent triangles are congruent* 

E: So you were drawing the line to give yourself triangles, is 
that the idea ? 

*4 Sz No, to ... to get a side that was in both triangles* 

Ki Okay. 

S* And to get congruent angles. 

E: So that's why you drew it as the bisector. 

S: Yeah. 
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Figure 15. Drawing and writing by Subject 4 on ProbJem 3. 



Subject 5 > Subject 5 began by drawing a diagram of the triangle 
with two sides congruent, then said* "I want to prove these angles con- 
gruent, (Pause. ) I can draw a bisector, (Pause. ) And this . . . oh* 
that's easy, " WTien I asked later what the subject was thinking about 
when the line was added, the subject said, "Well, I have to divide it 
up into two triangles to prove congruence, and then I could find the 
two sides. " I said, "You thought of doing it by having the angle bisect 
it. Were you already thinldlng about getting side -angle* side at that 
point?" Subject 5 said, "Yeah, I was getting the two angles here con- 
gruent. " The subject then went on to notice that the construction could 
also have been specified as the median or the altitude drawn from the 
apex of the triangle. 

Subject o. Subject 6 initially recalled the theorem in terms of 
isosceles triangles and noted that a direct proof was possible* I 
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explained that I was interested in having the subject prove the theorem. 
The subject drew the auxiliary line in the triangle, saying, "What I do 
is I draw a line in here. (Pause. ) That*s not too good a line* I'd put 
one here, I'd put . , , drawn . . . probably, now, like, I can^t over- 
determine with this line. See, I cotildn't call this . • . I would proba- 
bly say that this is a median, The subject proceeded write out a 
proof, using the pattern side-side^side to prove the congruence of 
triangles. 

After the proof was completed^ the subject gave a rich set of 
retrospective comments, which are given in Table 10, At *I and 
the subject identified the plan of proving triangles congruent, and at 
*3 mentioned the pattern of triangles with a shared side. At "^4. the 
subject mentioned the need to f^.nd one of the patterns that are suffi- 
cient to prove that triangles are congruent* At *5 and there are 
comments about considering components of the figure. The subject 
apparently considered the apejc angle of the original triangle, which 
was divided by the auxiliary line and hence was not usable. The con- 
sideration of the auxiliary line as the angle bisector would have given 
a different solution of the problem* but the subject apparently did not 
think of this during initial solution of the problem. At *6 and *7, the 
subject reported that the choice of the line as the median was related 
f o a subgoal of finding congruent segmdts in the triangles. However, 
when I asked at *8 whether the goal -vi^as in mind when the decision was 
made to specify the line as the median, the comments at '*^9* *10, and 
^11 indicated that the specification may have been a relatively arbi- 
trary choice, and this suggests the conjecture that the solution was 
more a working -forward process in which some reasonable construc- 
tion was made first and was later found to be an adequate basis for a 
solution. 
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Table 10 

Retrospection by Subject 6 about Problem 3 



E: Now, let me ask you a little bit ... wher you first started, 
you decided to put a line down through the re. 

S: Yeah. 

E: What were you thinking about when you . . . 

S: Well, because I knew, when I first saw this • . . 

E: Yeah. 

S: ... the only way, because you didn't give xne anything in 
the given, that talked about these angles, the only way that 
X was going to be able to prove them . . . 

E: Mmm-hmin. 

S* - - . if they could be corresponding parts of t^'^o triangles. 
E : Okay- 

S: That's the only way I could get two triangles out of it, solit 
right down the middle. And also doing that I get a connmon 
side, of two triangles. 

E: Okay, great. Then when did you think about using the sides 
of . . . I'm sorry, when did you think abo\it using the seg- 
ments of that bottom side of the triangle ? 

S: Well, as soon as I drew the line, the first thing ... the 

first thing I did after I put the given--! usually do this with 
all my proofs- - 

S (cont*d): is look for the connmon side. So once I put the com- 
mon side down, then I looked for a way that I could use an 
angle- -or a triangle congruence postulate to figure it out. 

2 c Mmm-hmm. 

S: And I looked and I had these two common sides, then I looked 
up here and I couldn't say that ... I couldn't use the com- 
mon angle because that's . . . because that has a split line, 
so that angle I have to throw out unless I made this an angle 
bisector. This is the only ... I had to find another side 

E; J^nnm-hmm* 

Si But ... so the only two angles I'd have left to work with 
are these two, and I have to prove that, so the only thing I 
can do is use lines. 

E: Okay. 
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*7 S: So, I used that. 
E: Okay* 

St I could have drawn an angle bisector and -used ASA, tliough^ 
or SAS. 

S: Or a ntimber oX things* 
E: Right. 

S: The only thing I coulda't have used here is an altitude* Be- 
cause that would have been over determining. 

E: Okay. Now^ when you made it the median - . • 

S: Yeah. 

*8 E: ... were you thinking at that poijit of being able to use the 
sides of the triangle, or did that occur to you later on? 

*9 S: Well, that occurred to me later on. 

E: Okay. 

*10 Sr I just ... I realized later on, I forgot that a median would 
bisect. All I wanted was just a name for a line that was 
going to give me two triangles. 

Ex ^ see. 

*11 Sz T-*en I realized later I forgot that the median would split that 
bottom segment. 

E: Okay^ great* 



Discussion. Two components are needed for the construction In 
this problem: the auxiliary line and its specification* The specifica- 
tion is required because the line that is added is not determined. In 
Problem 4, for example, the auxiliary line connects two points in the 
diagram* In Problems 1 and 2, the added lines either extended lines 
already in the diagram or were constructed with the goal of being paral- 
lel to given lines. 

The protocols provide a range of processes for constructing the 
needed components. Subjects 2 and 5 apparently specified the construc- 
tion immediately, which is consistent with performance by Perdix* 
Thip also is consistent with Gelernter's (1963) system in which 
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constructions are selected on the basis of some construction theorems 
that pt^mit lines to be added to diagrams. Subjects 3. 4, and 6 appear 
to have had two phases of construction, in which a line is added to pro- 
vide triangles in the diagram, and a specification is chosen later. The 
protocols for Subjects 3 and 4 suggest that the specification was related 
to a general goal of having some congruent components that were later 
incorporated into a solution for congruent triangles. Subject 6's retro- 
spections suggest the alternative possibility that the construction was 
specified by a permissive theorem --that the median is something you 
can construct— and that this then guided a search for a solution. Thus, 
use of a construction theorem can. either be associated with a goal (as 
it may have been for Subjects 2 and f ^ or chosen in a way that relates to 
a. pattern (Subject 6). and a construction may be drawn and left unspeci- 
fied until a specification is found that satisfies a relevant subgoal (Sub- 
jects 3 and 4), 

Problem 4 

This problem was given about one week following Problem 3. 
Students were asked to prove the foUowing theorem: "If two sides of 
a quadrilateral are congruent and parallel, then opposite angles of the 
quadrilateral are congruent. It is of interest that in the previous ses- 
sion, a special case of this problem was given, with a diagram contain- 
ing the diagonal and a specific pair of angles to prove congruent (not 
the opposite angles of the parallelogram). Subjects 2 and 3 solved the 
previous problem, using alternate interior angles a;i needed. Subject 
5 found a solution that was incorrect; the alternate interior angles in 
the problem were found, but the subject used the angles that were to 
be proven in an angle -side -angle pattern rather than using the diagonal 
as a shared side- Subject 6 was the most interesting. This subject 
first suggested incorrectly that the target angles were congruent as 
alternate interior angles. When I pointed out that this was not correct. 
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the subject adopted the pla^ of proving triangles congruent^ but did not 
find the alternate interior angles that completed a side-angle -side 
patte rn*. 

In Problem 4, Subjects 2^ 3, and 5 all solved the problem, mak- 
ing an appropriate diagram and adding the diagonal as an auxiliary 
line» In each case, the construction was apparently motivated by the 
t^lan of proving triangles congruent • The specific components to be 
used in the proof were apparently discovered subsequent to construct- 
ing the diagonal* Subject 5's protocol is in Table 11 and Figure 16, 

Table II 

Protocol by Subject 5 on Problem 4 

S: Well^ you have a quadrilateral , . - 
E: Yeah. 

S: And . . . all right, I have two sides parallel and congruent, 
right? 

E: l^lmm-hmm. 

S: And so I want to prove opposite angles congruent? 

E: Mmjn-hmm« 

S: So V^re got a line • . , 

E: Okay. 

S: And I'll put this ... no, I want to prove this. This congru- 
ent to this. 

E: Okay. 

S: All right, so I . - . (pause) . . . these parallel lines . . . 
E: Mmm-hmm. 

S; All right, so these are given. That's the definition of a 

quadrilateral. These are also, but I'm trying to prove the 
theorem that says the opposite angles. 

E: Right. 

S: Okay, so, I have . . . I'll mark angles. 

E: Mmm-hmm* 

S: One* and two. 
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El Mmm-hmm. 

S: I*U prove these congruent by . . , 

E: Okay« 

St . . . alternate interior angles. 

E: Okay« 

S: Oh, I won't write the whole thing out. (Pause.) 

E: Okay, great. 

S: And then I have side -angle -side to prove that, 

E: Right. That's great. 

S: And then I hav^e corresponding parts. 

E: Right. 




Figure 16. Drawing and writing by Subject 5 on Problem 4. 

Subject 6 did laot solve the problezn. This subject drew a correct dia- 
gram, but did 'Aot add the diagonal. The subject extended the sides to 
form angles exteiior to the quadrilateral and noted several relations 
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between angles^ including interior angles on the same side of the trans- 
versal and corresponding angles. The subject noted that if the figure had 
been specified as a parallelogram, or «x both pairs of sides were given 
as parallel^ the problem would have been solvable. 

IHflCussion . This problem is simpler than Problem 3 since the 
needed construction irvolved simply connecting two points* In this prob- 
lem ► the data wer-^ all consistent with the Perdix model. Successful 
solutions all appeared to involve pattern -based constructions at the 
level of general plans^ with specific components of the plans worked 
out subsequently*. 

Problem 5 

This problem was a relatively difficult theorem involving inequali- 
ties: "If two dices of a triangle are not congruent^ then the angle opposite 
the longer of the two sides is larger thar. th^- Single opposite the shorter 
of the two sides. The problem is solved by a construction shown in 
Figure 17, Given lABG with AB > AC, prov© that ^CB > /ABC> 



& 

Figure 17. Diagram for solution of Problem 5. 





Firsts find point X on AB such chMt AX = AC* (This poixit exists be- 
cause AB > AC« } Construct CX. This forms sji isosceles triangle 
in which U^CX = /AXC. Further, /ACB > /ACX because ^ACB con- 
tains ^CX as a part, and /AXC > ^BC because /AXC is the exterior 
angle of a triangle and /ABC Is one of the interior angles opposite 
^/LXC. Therefore, we have ^CB > ^CX = ^^LXC > /^ BC. 

Subject 2* The protocol given by Subject 2 is in Table 12 and 
Figure 18» The subject*s introductory rexnarktf indicate that this sub- 
ject remembered having proven this theorem, but did not remember 
the proof in detail. At *1, the subject added a line in the triangle and 
specified that it formed an angle equal in measure to This con- 

struction is invalid; in fact, any line drawn interior to this triangle from 
C will form an angle greater than However, under thj^ subject's 

hypothesis, a theorem does follow, which is drawn out at *2, ^^3, awrf 
*S in the protocol* The subject failed to notice that the inequality 
proven is the opposite from the one in the goal of the problem. The 
subject and I continued for a few minutes talking about the construction, 
but did not make significant progress toward a correct solution. 



Table 12 

Protocol by Subject 2 on Problem S 

S: Ah. let's see if I can remember this, (Pause,) 
E: What are you thinking about? 

S: Oh^ I'm just trying to remember how to go about that. 

(Pause. ) Okay. Now I draw a diagram. I probably won't 
remember. See, it's like ... the way our teacher does it; 
you're given those theorems^ and you have to prove them in 
your homework ... 

E: Mmm^hmm. 

S: And then once you've proved them, you ua^- *hem for the 
rest of your time* so you don't remembe -m^ to prove 
them, 

E: Okay, 
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S; However • » « okay, JLet's see> AC is greater than • . • 
is that what you wazxt ? You want to prove that • • • 

E: The angle opposite * • • 

S: AU right. 

£: • * » the longer side • * * 

Sz Okay* 

£: . • « larger than the angle opposite the shorter side. 

Sz Prove that angle B is greater than angle A. All right • • • 
hmm. (Pause.) Gee, I think that's ... that's wierd. 

E: What are you thinking? 

Sz Wellp it doesn't , . • I don*t think that works* 

E: But what were you thinking about trying . . , ? 

^1 S: Oh, I was thinking about trying « , . drawing an auxiliary 
line that was eq\xal to this angle. So that this angle wo\ild 
be eqxial to this angle. 

E: Oh, okay. 

S: And then • • « let's see. And then saying that ... let's 
say you have angle X here? 

E: Mszixxi '"hiTim. 

*Z S: Okay. X . « . the Tzieasure of angle X ... is equal to the 
measure of the angle B plus ixieasure of angle C. Because 
the ejcterior angle's equal to the • • • addition of the two 
interior remote. 

E: Mmm-hmm. 

*3 Si Okay, then saying X is equal to A . • . 

E: K^mm "hmm* 

S: That's given, or that was one of your conditions ... 

E: That's how you drew the line, right? 

^4 S: And then you say the measure of angle X is greater than 

measure of angle B « « « or you could divide the measures* 

E: Mxnm - hmiii . 

Sz Because the exterior, X equals B plus C . . . 

Er ^^mm^hmm* 

S: And C is greater than ^ero, then A is greater than B • » • 
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E: Mmm-hmm. Good. 



*5 S: And then since X equals yoxi could just substitute tn» and 
say that A Is greater than but I don't thiak that's how we 
proved it the last tinne* 

E: Okay. 

S: Seems to work there. 




> la 

Figure 18. Drawing and writing by Subject 2 on Problem 5- 



Subject 3> Subject 3*s protocol is in Table 13. At '♦^l, and 
*3» the subject zziention«d the triangle inequality. Au the idea of 

an exterior angle was mentioned. {The subject's diagram w«i.s drawn 
so that the angles to be proven unequal were l_K and ) At the 
*:ubject indicated that the theorem is intuitively reasonable- -the remark 
seems to suggest a sense of the cor>L;traint dependency in this situation. 
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Finally, at ^6, the subject searched for a relevant construction and did 
not find one* 



Table 13 

Protocol by Subject 3 on Problenn 5 



S: Okay. (Pause. ) 

E: What are you looking for? 

S: I'm not sure yet. Angle and line relationships, I suppose. 
(Paus«. ) 

E: Do you have any ideas? 

S: Not yet* (Pause.) 

E: Have you thought of anything you decided wouldn't work? 

*1 S; I can't find any relaticnships. I tried . . • the one about 

wh<=re you add the two sides and it's got to be . • . greater 
than . . . 

E : MmT* - hmm . 

*2 S: . . • the third sides.. And subtracting, it's got to be less 
than. You know what I'/n talking about, don't you? 

E; Mmm— hmm. 

*3 S: Okay, And ... that, obviously, has nothing to do with the 
angles « 

E: Okay. 

S: So that doesn't make any Jlfference. 

E: Is there anything elffe v^- tried? 

*4 S: Well . . . let't* i;ee. The e^ctcrior angle of C equals angle A 
plus angle B« 

E: Okay. 

*5 S: That's the only thing I've thought of* (Pause. ) It has to be. 

but I can't explain why geometrically. Just because It has 

to . . . the two sides have to encompass the longer, yon know, 

the greater distance. 

E: Hmm. 

S: L*ike that, instead of . . • that. 
E: I se^r, mmm-"hmm* 



46 



ERIC b 



*6 



S: But ... I can't say that, you know, that's certainly not 
. . . mathematical. That's not a formal proof of that, 

E: Yeah, it has a problem with it. too. because the other angle 
that's involved can be . . . can affect the thing. If it was 
like an arc o^ a circle oi something, then it would be a little 
stronger. (Pau,c. ) Can you think of anything that you'd add 
to the diagram that might be of some help? 

S: Let's see. (Pause.) I could . . . what kind of auxiliary 
lines could I draw? I could draw a median. (Pause.) I 
could draw an altitude. (Pause. ) Neither one of them 
seems to be terribly helpful. I could draw a line segment 
between the two midpoints. (Pause.) 

E ; Okay. 

Subject 4 . Subject 4-3 attempt to prove the theorem included 
drawing a triangle labeled in the same way as Figure 12. specifying 
that BC > AC. The subject drew a line from C to the base of the tri- 
angle and specified the construction as the bisector of ^CB. (Recall 
that Subject's 4's solution to the problem of proving that base an; les 
of an isosceles triangle are congruent used the bisector of the apex 
angle. ) Subject 4 also partially recalled a theorem about two trian- 
gles; if two sides of one triangle are congruent to two sides of another 
and the third side^* are unequal, the triangle with the longer third «ide 
has the larger angle between the congruent sides. The subject actually 
misrem.embered the conslusion of the theorem as involving congruence 
and did not pursue that line. 

Subject 5. Subject 5's prococol is in Vable 14. At *1 the sub- 
ject considered the faC that angles of a triangle sum to 180°, ac *2 
the triangle inequality was considered, and at *3 the subject considered 
and rejected the idea of drawing a median. Subject 6 also considered 
the triangle inequality, after remarking about "looking at it now to see 
if there's any lines I have to draw, any extr^ lines (pause) but I don't 
see any ones that I could draw that would really help me. " 
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Table 14 

Protocol by Sxibject 5 on Problem 5 



E: What sort of thing are you looking for now? (Pause. ) 

S: Well* one thing X thought of, but it*s not going to help me^ is 
supplementa ry « 

E: Ah, 

*I S: Well . • . not supplementary, but ... I know that these 
three equal a hundred and eighty. And • * • one eighty 
m.inus these two equals 

S (cont* ): this^ and one eighty minus ... one eighty minus A 
and C equals B, and one eighty minus B and C equals A, 
right? But I don't see how that'll help me. 

E: Okay. (Pause. ) 

*2 S: I know that ... I know a theorem says that * • . AB plus 
AC is greater than CD, 

E: Oh, right. 

S: But I don't know how that would help me either. 

E: Okay. (Pause. ) 

♦ 3 Sr An idea that I just thought of was to draw a median. I have 
to figure out where to draw a median. And then» by doing 
that, dividing up the triangle int. congruent triangles. 
Well . • . 

E: Can't think of anything to do? 

S: No. 

E: Okay. 



EHscussion - The attempts at solution by Subjects 3, 5, and 6 can 
be interpretetl as failures to find a plausible plan. They retrieved 
propositions involving inequalities^ but found no way to apply them to 
the situation- They also considered constructions that they knew could 
be made* but saw no way to develop a solution with them. These 
attempts are consistent, then, with the idea in Perdix that construc- 
tions are usxially motivated b-^ a solution plan for which prerequisites 
are missing. 
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Subject Z apparently remembered the plan of proving an inequality 
using an exterior angle and alao remennbered a prerequisite for this 
situation in\-olving the angle being part of an isosceles triangle. The 
construction made by Subject 2 had problems, but it did satisfy some 
relevant constraints^ A reasonable interpretation is that Subject 2 
remembered the plan of using an isosceles triangle consistent with 
PerdLx's general process* but did not have adequate procedures for 
executing the plan. 

Construction of the angle bisector by Subject 4 represents an 
interesting use of analogy, a process that Perdix cannot perform. 
This subject tried to proceed with this problem in the same general 
way that succeeds i.n proving congruence of angles when the sides ar« 
equal. 

Problem 6 

Problem 6 was, "Ihree sides of a quadrilateral have lengths of 
nine* four, and three. Between what values does the length of the 
fourth side lie?*' 

One protocol indicated that bounds on the length of a side of a 
quadrila.teral had been considered in class in relatio- to the triangle 
inequality. This ltd two s\-bjects to treat the problem in a way involv- 
ing constructions. Two other subjects approached the problem with a 
direct spatial strategy, and one subject failed to m^ke any substantial 
progress on the problem* 

Subject 2^ Subject 2's protocol on this problem is in Table 15 
and Figure 19. At the subject put a lower bound of x^ro on the 

fourth side. At *2, the subject made a construction by drawing the 
verticiJ. line in the diagram. Bounds on the length of the constructed 
line were derived from the triangle inequality. At the subject 

considered the triangle with sides of 9 and X. There was some 
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preliminary computation usin^c the lower bound on X to obtain the lower 
bound on the fourth side and the upper boux.d on X to determine the 
upper bound on the fourth side, A qualification was considered; it is 
not clear what the subject meant by "this thing can hinge, but the 
conclusion is that the lower bound might be zero rath*j:r than eight* 
At *4, the subject realizes that another construction could be used 
and drew the horizontal line in Figure 19, This confirmed the sub- 
ject's conclusion that the upper bound is 19- 

Table 15 

Protocol by Subject 2 on Problem 6 

E: Three sides of a quadrilateral have lengths nine, four, and 
three. Between what values does ttie length of the fourth 
side lie ? 

S: Nine, four, and three? 

E: Mnam-hmm. 

*1 S; Well, it's greater than zero, I know that. 

E: Okay. 

*2 S: Let's see - - - nine, four, and three ? All right. X here, 
all right. Oops. Four and three, okay, now I know that's 
. , . (pause) . . . one is • * . it's greater than one and less 
than seven- 

E: Mmm-hrrmn* 

=5=3 S: Ajad so if it's greater than one . - • then it has to be, if it's 
one, and this one has to be - . . eight. It has to be greater 
than eight, and it has to be less than sixteen. Now. but it 
can't be any number, I think, because this thing . . . can 
hinge. So, I think she ha"! us replace it with zero. And it's 
less than sixteen. 

E: Okay. 

S: VThat I'm curious about right now ... I always get off on 
these tangents when I do problems with you. 

E: Tliat*s okay* 

*4 S: Wlietlier it works tliie same with this* Because if it works 
the same with this, it would be five is less than X is less 
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than thirteen, so we have this five is less than ... X is 
less than thirteen. And this one already , , . yeah. It 
works . sixteen. 



E: Okay. 




Figure 19. Drawing and writing by Subject 2 on Problem 6. 



Subject 3. Subject 3's protocol on Problem 6 is in Tabi^ lo and 
Figure 20. The construction was made at *1. bounds were put on the 
length of the aujciliary line at *2, and bounds on the fourth side were 
inferred at (with a slight arithmetic error). The subject was rela- 
tively uncertain about the use of the bounds on the auxiliary line in the 
explanations given at *4 and *5. 

Table 16 

I>rotocol by Subject 3 on Problem 6 
*1 S: Okay. I'U cut it into triangles. 
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E: Okay* {Pause. ) 

*2 S: That has to be • . . this one has to be . » • f <^ les4», and 
that's less than thirteen . . • 

E: Mmm-hrnm. 

^3 S: This one has to be . . . (pause) , • . oh, that's strange. 1 
guess it should be two ... less than X . . • less than 
eighteen. (Pause . ) 

E: Mmm-hmm* 

S: Is that . . * 

E; Can you er^plain why? 

*4 Sz Vm not sure about this one. It seems reasonable that it 

would I'e £ ve from three, if this is for the same reason as 
the other oi-*. 

E: Mmm-hmm. 

*5 S: And then, the smallest you can get out of all that is three 
from five. Is two, less than X, less than eighteen, which 
is, oops, fifteen, sixteen* I*m sorry- 

E: I see. Okay. 

*6 S: I*m not sure, I' really not sure I did that right, but. well, I 
don't sec why not, because that can be nine, and that can be 
four, and then, if that's three, there's no reason why that 
can't . . . you know, why it couldn't turn in like that, and 
like that. Well ... it doesn't work out that well. But do 
vou see what I mean? 

E: Yeah, I think so. I'll say it so 1*11 be able to remember what 
the diagram was. You have a straight line for nine* and then 
a four, and then a three, and then, what is that sort of 
diagonal piece there? 

S: X suppose . . • 

Er In the middle of the kite ? 

*7 Sr That's accidental. I suppKJse there's no reason why it 

couldn't be . . . oh, well, I never thought of it thiit way. 
It could be . . . concave- Quadrilateral. I never thought 
of it that way. I don't know what would happen to you then. 
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Figure 20. Drawings by Subject 3 on Problem 6. 

Subject 3 engaged in some interesting spatial processing, men- 
tioned at *6. The subject realized that the convexity of the diagram 
was not specified in the problem and explored the possibility of a con- 
cave qxaadrilateral. The subject apparently lacked a way of investi- 
gating that possibility and was left uncertain about the problem. 

Discussion. Protocols from Problem 6 supported the general 
idea about constructions implemented in Perdix. These protocols are 
particularly convincing examples of the role of a pattern in generating 
constructions. The plan of finding bounds by using the triangle inequality 
requires that the un>:nown side be the side of a triangle, and the con- 
struction provides the triangle. Both subjects were quite uncertain 
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oX how to execute the plan once they Had the prerequiaites, and Sub- 
ject 3 explored the plan's adequacy in an interesting way* This is 
consistent with the top-down character of the planning mechanism* 

It also should be not' a *iiat two subjects solved Problem 6 with- 
out Ujiing constructions* These solutions were based on semantic 
processing. Subject 5 mentally moved the sides of the quadrilateral 
that were given to lind the maximum of the fourth aide as the sum of 
the three given sides, and the minimum as the difference between the 
longest side and the other two sides combined* Subject 6 assigned a 
minimum of zero and found the maximum by the spatial manipulation 
of extending the three given sides in a straight line. 

Problem_7 

Problem 7 was, ^'Suppose you have a box that is 12 inches long, 
8 inches wide, and 6 inches deep. How long is the longest stick you 
could fit into the box?*' 

This problem had not been worked by the class. The Pythagorean 
theorem was the current topic* Three subjects. Subjects Z, 3, and 5, 
found solutions quite directly. Each of them drew a clear diagram. 

Subject 3* Subject 3's diagram is in Figure 21. The protocols 
are not very informa.tivc about the processes used by these subjects. 
A reasonable conjecture is that the longest dimension was fo\ind by 
some process of spatial reasoning* and its length became the goal of 
the problem* The right-triangle pattern was a salient plan for finding 
the length of a line* This requires that the target line is a side of a 
right triangle. To complete a triangle, connect an end of the target 
line with the end of another line that intersects with the target line. 

Subject 3*3 retrospection was consistent with this hypothesis* 
Wlien I asked, "Now, tell me how you decided to get that bottom line 
there," Subject 3 said, "AC? There wasn't any way I could just sort 
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of find it. jumt by going like that, without . . . with just th* information 
given, because I only had ... I didn't have . . . well. I had. I gueas. 
one side to go on. I had its height. ... But you've got to have both to 
use the Pythagorean theorem. . . .So, that means I had to have the 
other side. '* 




/OO -t- /^^-- 

igure 21. Drawing and writing by Subject 3 on Probtem 7. 



Subject 2 . Subject 2>s retrospection also fit with this hypothesis 
"First thing was where would the biggest pcice be. . . . Where would 
you stick in the stick? IHagonal from top to bottom. ... And then I 
decided how ... you had to find two sides that would have the hypote- 
nuse being the whatever. . . . And I just took the bottom one, and so 
- . - using six and eight, I foxmd the bottom one. and I found my two 
legs. 
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Subject 5 . Similary. Subject 5 aaid, ^'l decided that I needed to 
find this first, which would be the length that X was after. . - . Then 
I looked for a way to find that out, and then I saw the triangle. . • . 1 
saw the triangle here because 1 had to get a flat triangle, because . . ♦ 
I just "ooked for ways . . , well, when X found this, 1 decided that I 
had to prove this, and to find out what that was I had to use this tri- 
angle right here. * 

Subiect 4 . Subject 4 was unable to solve the problem. This sub- 
ject did not generate the goal of finding a diagonal through the box* 
The subject suggested the dimensions of the box (6, 8, and 12) as the 
length of the longest stick that would fit in the box. With further ques- 
tioning, the subject asked. **Does this have something to do with the 
Pythagorean theorem, or something?" I encouraged this and asked 
the subject whether a stick longer than 12 inches could be fit into the 
box. The subject drew a rcctaugle with sides 12 and 3, constructed 
the diagonal, and menticncd the method of finding the length of the 
diagonal. The problem was eventually solved with considerable lead- 
ing by me. A week later, the subject mentioned that the problem had 
been done in class on the day following the day of our previous inter- 
view. The subject did not remember the tion of the problem. 
This time, a three-dimensional dlagrarr • irawn, but the diagonal 
through the interior was not generated. 

Subject ^ . Subject 6 did not solve Problem 7 but orovided a very 
intere^tinj;; pr ^-odl, which la in Table 17 and Figure 22. The subject 
began • draw:: .. ;:j:ie diagram in the upper left corner of Figure 22. 
At ^1, - cc- apparently identified the goal of the problem cor- 

rectly. However, Subject 6 did not work backward in the problem. 
At *2, the subject considered one of th^ rectangular sides and drew 
the rectangle in the upper right section of Figure 22. At *3, the sub- 
ject apparently was considering the Pytliagorean theorem as a way of 
generating the length of the diagonal. At the second diagram on 
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the left wa« dr*wn, And at ♦S. itm diagonal wa« inferred to b*» 10* At 
♦6. the subject waa apparently aware that the components of the prob- 
lem had not been satisfactorily integrated. Perhaps thi.^ led to con- 
sidering other components » and at the subject computed the length 
of the diagonal of the 12 x 6 rectangle. At there was an attempt 

to combine the results. The subject suggested that the diagonals of 
the two rectangles n*ight be added to find the needed answer; see the 
line of writing at the bottom of Figure 22, At the subject expressed 

uncertainty about the solution. There way not time to bring the situa- 
tion into closure before we had to stop the interview. 

Table 17 

Protocol by Subject 6 on Problem 7 



* i S: 



Now. Obviously the longest stick is going to be a diagonal 
from that comer to that comer. 



E : Okay • 

S: Or from that corner to that corner. 
E : Okay. 

♦2 S: All right* so . , . there are certain things that we czn say 
about this . • . all right, so let me take one of the sides. 
It's obviously going to be . . . first of all . * , 

E: What did you have in mind . . - 

S: Twelve by six. 

E; • . . when you said . . . 

*3 S: Well^ I know one thing about , , . Pythagorean triples^ I 

think . - . yeah, that's what you call it. That when you go 
like that . . . 

E; Yeah. 

*4 S: All right, and I know . . , that's eight. 

E: WTien you say like that, you mean the diagonal? 

S: Right. You draw the diagonal, which would be the stick . . 

E: Mmm-hmm- 
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Eight, mix^ ma the diagonal im going to be ten* 
Ah. Okjty. 

Because of Pythagorean triplea. 
2s^lmjT\ ~ hmm • 

I could figure • • . you could figure it out^ you know, it 
works out* But now« I've got to take in the three-D idea 

Right. 

And » * * I've got to do on thia • « • eight ... eighc by 
aix^ and draw the diagonal, and that i« going to . • , nunm- 
All right « I figure out the distance. The first diago- 
nal, I figured out the distance . - . from • . • okay. Re* 
group here* I've got • * * let's make sure I've got my things 
right here* That is twelve. 

Okay. 

Now . . . all right, so . . * let's see • . . so I've got 
twelve and six on the two sides . « . 

Veah. 

So . • , Pythagorean theorexn ia twelve squared is a htmdf*ed 
and forty-fowr * . » plus thirty-six is equal to . . . what- 
ever ... whatever this C squared. 

Right. 

So ... I could say a hundred and forty-four and thirty-six 
is going to be . . • let's see, that would be xero« five, and 
three ... is going to be eight hundred. Is that right? 
Yeah» okay^ a hundred and eighty . * . is equal to C squared. 
So C is eqxial to the square root of a hundred and eighty « «uid 
that looks like . » * I*m not aurc if that' 3 a perfect square 
or not* (P^use. ) Well, do you want me to simplify that 
now, or just leave it like that? 

Whichever way you want to go ahead. 

All right. Well, all right, I'll see what happens then. I 
have one with six and eight « . • and if I draw that one, this 
is also going to be eight, and this is going to be six» so 
thirty-six plus sixty-four is equal to C squa^red. So, it's 
going to be equal to ten here. Because that's a hundred, 
C sqxiared is equal to a hundreds 

Mmm *hmm. 
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figure 22, Drawing and writing by Subject 6 on Problem 7. 
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*8 S: Okay. So, I wo\ild say that the way to find the three -D 

would be to add that one • * . add that one, add the length of 
. , . this, pl\is the length of . . * plus the eighty, And the 
square root of one eighty simplified • . * let's see • • - 

E: No, that's okay. That's close enough. Okay, 

*9 S: You know, I may be, I probably . . • I don't knew, I think 
that's the way you do it, but I'm not sure. 



Discussion, The patt€;m of a right triangle was a salient part 
of all subjects' approaches to thi.^ problem, including those subjects 
who were unable to solve the pr ^-m. In those cases, the go*^.l of 
calculating the length of a segment led to attempts to use the Pytha- 
gorean theorem and construction of diagonals of rectangle.^, Gucces5, - 
ful solutions of the problem were consistent in one respect w'^-h Perdix. 
Subjects who succeeded solving the prc^em apparently set the goal 
of finding the length of an internal diagonal of the boxp then considered 
the plan of using the Pythagorean theorem, A construction was needed 
because the prerequisite for this plan was not satisfi-^d. The process 
of finding a construction to provide the missing prerequisite apparently 
in',''olved ^ome interesting semantic processing- By appropriate spatial 
processing,, the subjects could identify two sides of a right triangle 
and construct the missing leg, which led to solution. Apparently Sub- 
ject 6'3 diagram or spatial processing was inadequate to specify th-» 
needed construction, although Subject 6 often proceeded by working 
forward so this subject's approach might have been related to strategy 
rather than to quality of representation. In woricing forward. Subject 6 
constructed diagonals in rectangles and calculated their lengths, but 
did not find a way to connect diagonals of the faces with the interior 
<±iz '';onal. 
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r>roblem 8 

I gave the problem of proving that an angle inscribed in a circle 
has Tneaaure eqxial to one-half the nrxeasure of the arc intercepted by 
the angle. This theorem had not been covered in the course when I 
gave it initially. 

A simpler problem, shown in Figure 23, was given to most of 
the subjects- Two subjects who did not prove the theorem initially 
were given this problem and then tried the theorem a second time. 
VTith one subject, I gave the problem of Figure 23 initially and then 
presented the theorem. 
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One week later* I presented the theorem a second tim*«*. The 
students had studied this theorem in class during the interim. 

Subject 2 , On Problem 8. Subject 2 foxind a proof directly for 
the case where sides of the angle are on opposite sides of the diameter 
of the circle. The protocol for Subject 2 is in Table 18 and Tigxxre 24» 
At *1 and =^2. the subject conjectured correctly about the concept of an 
inscribed angle. At "^3, I clarified what was meant by the intercepteri 
arc. At this point, the subject had drawn the circle at th : top of 
Figure 24 with lines AC and BC - At =*=4, tne subject mar d the cen- 
tral angle for arc AB and indicated a goal of relating it to the inscribed 
angle. At ^5 and ^6, the subject identified AO and BO as radii, and at 
the subject constructed the diameter of the circle and identified CO 
as a radius. At ''^S, the subject appa^rently had noticed the critical 
relation involving th** exterior angles of isosceles triangles. There 
were apparently too many comp>onent£: to keep track of them all in work- 
ing memory, so the subject labeled angles at *9 and ^10 and gave their 
relationship and the rea.son for it at -11 and *^12. After a brief diver- 
sion at *i3 involving possible bisection of the central angle, the subject 
made the appropriate inference about angles y and k in the diagram at 
*14. and at "^15 combined the two inferences to complete the proof- 
Terminology was somewhat confused at *I5, but got straightened out 
at *16 with some additional labels in the diagram- 
Table 18 

Protocol by Subject 2 on Problem 8 



Ki I'm going to tell you a theorem that you haven^t gotten * yet, 
and I just want to see whether you have any idea about how 
you might try to prove it* Do you know what it means to 
have an angle inscribed in a circle? 

S: Inscribed in a circle ? 
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El I don't think you can * . . 

S: I could guess. No, I don"t. 

Ei Just tell me what your guess is. 

*1 Sz It's an ajngle that . . . has the vert >: being one point on the 
edge of the circle* 

Er Nlmm-hxnm, 

*2 S: And * ^ . its . . * well, an angle reaUvr doesn't have any 

endpoint • . . itn endpoints a-e . . . the two legs arc chordf 
in the circle. 

E: Yeah. That's right. That's ex. r.^ht. 
S: Okay. 



E: 



Now^ here's the theorem. The arc intercepted by an 
inscribed angle has twice the measure of the inscribed 
angle. (Pause. ) 



St What's intercept? 

E: That means the arc between the two-^T . . be *en the two 
points where the sides of the angle intersect the circle. 

S: All right. The arc intercepted by the angle* 

E: Yeah. 

S: This right here. 

E: No. it's . . . 

Sr This one right here? 

*3 E: Yeah. The one between the sides. 

Sz Is twice ... 

Er Mmm-hmm. 

S; ... the measure of this ? 

E: Yei^. 

Sr Oh, I see. Ofciy. 

Now, do you have any idea how you might prove that ? 

WeU, the way I look for the proof is I'd say ... I'd first 

^ ^ can find out if I can relate . . . this angle to this 
angle. 

Er Mmm-hmm. 

Sr And prove that this angle is twice the measure of this angle, 
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Ez ^kay, now the angle you're going to relate to it is the cen- 
tral angle for that arc, 

S: In fact, I think I can tell you. 

E: Sure. 

*5 S: This is a radii, right? 

E: Those are radii, 

*6 S: And this is a radii, 

E: That's right. 

S: Radius* These three arc radii. 

E I Good , 

*7 S: Okay. This is equivalent to this. Therefore, it's an isosce- 
les triangle. This is congruent to this. 

E: Okay- 

*8 S: Right? (Pause.) Nc;;;- wait. Wliat I was thir^king of - • , 
you know, I was thinking of taking ... this would be • . ♦ 
this would be eqxial to twice • * - 

E: Okay, now . • so ti;a.t I can untangle this at the end ... 
S: Yeah. 

E: Wliat do you inean by "this'" now? Why don't you put a little 
nxiinber or something? 

*9 S: Okay^ We'll call this angle X. 

E: Okay^ Angle X. 

* 10 S: We'll can this J, all right? 

E: Okay. 

*11 S: X is equal to two J. 

E: Okay» now why is that? 

*12 S: Because it's a - . - because an exterior angle is equal to 
the sunn of the remote angles. And since these two are 
angled by an isosceles. 

E: That's right. Okay. 

S: Okay. Angle Y - . . 

E: Okay. (Pause- ) 

^13 S: Is eqxxal ... these two would also be equals You know, 

this ... (pause) . . . what I'm not sure of is whether this 
radius would bisect the angle. 
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E; It might, but it wouldn't have to- 
S: It wouldn't have to. 

E: It would depend on the degree of that angle. 

S: That's right, that's right. Okay. (P>ause* ) Two J . . . Y 
woxad equal . . * let's call this K. okay? 

E: Okay* 

S: Y would equal two is equal to two K, 
E: Mmm-hmm* 

S: Okay. (Pause.) Therefore, X plus Y would equal two K 

plus Y. Since X plus Y . . . let's give these letters, okay 
We'll call the center O^ call this A, B. and C. 

E: Ivtmm-hmm. Okay* 

S: All right. AOB . . . angle AOB ... is equal to X plus Y, 
o you just substitute in here, and angle ACB is equal to K 
plus J, K plus J. I'm sorry. 

E: Mmm-hmin. 

r So, angle . . . the measure of angle ACB - . . therefore 
... therefore angle AOB is eq^lal to twice ... 

'1 ^/tmm— hmm. 

; ... the measure of angle . . • ACB. 

: And therefore the arc is twice as big, 
r Okay. 
: Okay. 

: That works any time you've got both sides of the angle on 
. . . when the two sides of the angle are on opposite sides 
of the c'-ameter. 

That's right. 

z In fact, it would work fine if one of the sides was the diame- 
ter 

Yeah. What would happen ... 
: What would happen ... you know the other question. 
All right. {Pause.} All right, we have O here. 

Now, okay. You're saying this is equal to twice? 
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E: Tha-t's also twice its ... 

S: Okay. (F^axise, ) How to go about setting up - . . the theo- 
rem. (Pause. ) If I draw that across - . • I'll tackle it the 
same way. 

E: Okay. 

*20 Si See if I can get any results with that. All right. They both 
have . * . let's see. Both these angles have the same chord 
. . . two endp>oints of the arc. I'm trying to prove that AOB 
is twice . . . angle AOB is twice the length . • . cr, twice 
as great as angle ACB, 

E: Mmm-hmm* 

S: All right, now. (Pause.) What Tm looking Lor now is I'm 
trying to see if 1 can draw any aujciliaries here that will 
relate , - • 

E: Mmm-hmm. 

S: , • * to triangles . . 

E: Mmm-hmm. 

S: To get . . . (pause) • . . gosh. (Pause.) Maybe I should 
erase this. 

E: Maybe Lt would be easier to just start over. 

S: Yeah. (Pause.) Worse than the first- (Pause.) AUz-ight, 
if I draw from O to B . . . 

E: Mmm^hmm. 

5: And O to C . . - lUl have a side for each of these triangles. 
E: Okay- 
Si All right? (Pause,) I still don't get anywhere, (Pause.) 
Gee^ I don't know. 



At *17, *18, and *19, I asked the subject to consider the case 
where both sides of the angle are on the same side of the diameter of 
the circle. The subject drew the second diagram in Figure 24. At 
*20, tiae subject considered the central angle, £ACB^ trying to relate 
it to the inscribed angle. Further work led to constructing the third 
diagram in Figure 24^ with labels as shown- I helped the subject 
solve the problem with tne following hint: '*How is angle ACD related 
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Fi^rt 24. Omving arwj writing by Subject 2 c i Problem 8. 
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to angle X and angle BCD?" This led to the solution fairly directly, 
although with considerable thought along the way. 

In the second presentation a week later, the subject remembered 
that there were three cases and drew the diagram on the left of Figure 
25 to identify them* A proof was found directly for the angle formed 
by XO and the diameter and for ^XP. Then I asked about the remain- 
ing case. The protocol from that point is in Table 19. The subject 
began oy drawing the second diagram in Figure 25. At *1 and *2, the 
subject identified the two relevant angles at X, ^ACD and /DC B. and 
also identified the two relevant central angles. At ^3, the subject 
indicated some confusion and uncertain^* concei-ning the triangle 
formed by AC, part of AD. and the radius from A. At *4 and the 
suoject focused on arc BD and / B CD and sav/ the relationship between 
BD and AD, The remainder of the protocol suggests that the subtrac- 
tive relationship was not seers ir. a direct way, but had to be derived 
using the formalism of arithmetic xri con)unction with the diagram. 

Table 19 

Protocol by Subject 2 on Second Presentation of Problem d 



S; Okay. Well, '-tiis is the tough "-^ne. Uhm • • . you draw • * 
okay* you draw an auxiliary here. 

E: So you put a diameter in» mmm-hmm. 

*1 Sr And . . . you draw an auxiliary , . - no. I'm just trying to 
think, oKay. (Pause.) This angle's equal to this. And this 
angle is equal to this. This whole angle . - . 

E: Yeah? 

*2 S: ... is equal to . * - th.is whole angle is equal to this. I 
think I'm doing this wrong. 

E; The whole angle ... I need to slow up with you. Those 
two central angles ... 

S: Yeah. Is eqxial to this plus this. (Pause.) 

E: Okay. 
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S: since these are congruent . . . oh. (Pause.) There's 

something wrong. (Pause.) For me the second time is no 
better than the first. 

E: That's an interesting problem. What makes you think you*ve 
gotten o£f the track? 

*3 S: Because I'm working with this little triangle right here, 
and I'm really not sure I wanted to. 

E: That little triangle? 

S: Right here. This little triangle th^it's sitting here. 

E: Okay. 

S: And it's an area that I'm not sure I want to fool around with. 

E: I see* (Pause. ) 

S; This right here ... is equal to this arc* This angle right 
there ... 

E: That's right. 

S: ... is equal to this arc. And these two are congruent . 
so why shculdn^t . . if you . . , (pause) , . . these two 
are congruent. 

E: Yeah. 

S: Since this ... 

E: No what's congruent here? 

*4 Si Oh^ no, these aren't congruent. These aren't congruent. I 
see- Now . • . (pause). I've already proved tliat this arc 
... A to B ... is equal to angle C plus angle AO, okay? 
E: Okay. 

*5 S: All right. Or angle CAO. So, okay . . . therefore AB is, 
yeah, it's twice the amount of angle C. Now, I want to sub- 
tract BD, and angle DC to B . . * 

E: Right. 

S: And end up with AD being twice as much as this. I attack it 
from the ... yeah, wait a minute. Okay. (Pause.) Oh, 
okay, okay. Okay, angle ACB is ... the measure of angle 
ACB is equal to two times the measure of arc AB^ right? 
Now, if I . . . (pause) ... if I subtract . . . (pause) . . . 
measure of angle ACB . . . equals the measure of angle 
OBC . . . which will eqxial , . . this one . . . AB . . . 
(pause). Is that right? (Pause*) 

E: So you have two there^ and then . . . 
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S: Mrrvm-hmm* No» because I j-ust took this. Oh, that*s not 
right, 13 it? Oh. angle . * . 

E: Ajigle ACB, I thiiik. 

S: AC 3 . . * angle DCB is equal to two • - - okay, there you 
go. So, then you just use the addition or subtraction 
property of angles, anu you take the two out using the 
distributive property, and then you've got it. 




Subject 3 , The protocr»i with Subject 3 began with an e^cpl^^^nix - 
tion of an inscribed an^lc and its intercepted arc* After thinking for 
awhile » the subject said* *'The fir£>t thing I thought cf was a triangle, 
like that, " xnd drew an angle on opposite sides of the diameter of a 
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circle, conxiecting the ends of the angle by a chord. Then the subject 
went on, "But that doesn't really give me the ineasure of the arc. 
That' a ... I meaji, completely different. So then^ I started zo think 
about central angles » and I haven't gotten anywhere with that yet» And 
I don*t think it's really going to work^ so . • you know* what if your 
angle was like that, and there's no way either one of those is going to 
be a diameter,^ and so^ neither one of those is going to have the cen- 
tral angle." The subject had drawn another a^gle with one of the lines, 
having both sides on the same side of the diameter of the circle. 

I decided that the subject was unlikely to consider special cases 
without a suggestion, i>o I suggested the case where one side is a diame- 
ter- The subject proccseded directly to the proof for that case, includ- 
ing construction the centiai i^ngle, mention of the isosceles triangle 
formed by the two radii, and the exterior angle of the triangle. 

rCeact, I suggested the case in which sides of the angle are on oppo- 
site side a cf the diameter* After drawing an appropriate diagram, the 
subject saia» "Oh, oh, hey. I know what I can do* I can use chords. 
Maybe« I mean, chords rs just a whole new idea that just occurred to 
me. I hadn't thought about using chords- What do I know about chords? 
Not a whole lot. Another thing is that the angles, they don't have to 
* . • those chords don't have to be congruent. And most of the sruff 
we know about chords is about congruent chorda- . , . Triangles don't 
do much good, that's for sure* " The subject was apparently thinkirLg 
about forming a triangle inscribed in the circle and may have been 
considering possibilities such as Lsoscclc ec aiLatcral triangles. 

Then the subject said, ''Draw a diameter thrc^gh there, and then do 
the same thing again. I suppose*"' Tii.ii was t solution; however, 
the subject required a few steps of quantitative reasoning that were 
quite interesting* '*! was just \vondering if my idea was right. But, 
in this case it looicn like these two angles are congruent. The two 
angles . . They wouldn*t have to be. But it probably doesn't matter. 



because if they're not^ you can say» you kixow* like, double one^third. 
And double two-thirds^ and it'll still add up to be the same. . . . You 
have double whatever that fraction is of those two* and that ecuals that. 
And double whatever fraction that is, and that equals the other one. 
And then add the two fractions together and you have the whole, and 
then you add the two pieces together there and you have twice that. I 
mearip it's the same deal, 

In considering the third case, the subject apparently was not male- 
ing progress. I provided the following hint: "The second one we did was 
based on the first one. By seeing that you could get the angle that you 
wanted by adding two angles, each of which Involved a diameter. You 
got the angle on this side that involves tPie diameter, and you got the 
angle on this side that involves the diameter. So the inscribed angle 
turns out to be the sum of two angles that have the diameter. I>oe3 
that give you any ideas?" The subject asked to have it repeated, in 
which I saidp "Each one of them involved an angle, you add together 
two inscribed angles that are on opposite sides of the diameter-^* Then 
the subject said, "Do you mean that I could find this one and subtract ?'\ 
and worked out the proof- 

Subject 3 solved the problem in Figure 23 directly and easily. 
Unfortunately, I did not obtain an interview from Subject 3 the follow- 
ing week. 

Subject 5 . Wlien the theorem was presented to Subject 5 Initially, 
little progress was made. I explained what an inscribed angle is. The 
subject drew two diagrams containing inscribed angles and, in both of 
them, completed triangles by drawing chords opposite the vertices of 
the inscribed angles. The subject expressed some confusion about 
the theorem: "If yov have a circle, and then you have an inscribed 
triangle. I^Xow this arc is the same as this anjgle* You're saying it's 
twice* That's why I'm confused* I do not understand the nature of 
the confusion. One possible explanation is that the class had studied 
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central angle and the subject may have been confusing the inscribed 
angle with the central angle. 

On the problem in Fig\ire 23, Subject 5 initially solved for the 
wrong angle, saying, "*Okay. BOA * , . okay, BC. This equals sixty..'' 
writing SO in the central angle / BQC. then. **BOA, that's e tsy. That 
equals . * • a hundred and eighty, and wrote 120° in /BOA. When 1 
pointed out that the problem asked for / BAO the sx. Liect said, '^BAO, 
I'm sorry. CI:ay. If I had the tangents, I could use . - , kind of, be- 
cause . . • I know this is a hundred and twenty • A hundred and twenty 
degrees*'' Here the subject nnarked 120 on the chord A B, "I'd better 
get that straight in my head. Oh, well, that'll make it easier^ Becaui^e 
a hundred and twenty minus ... This is isosceles . . • Okay, so it'd 
be ... a hundred and twenty, this is one eighty, sixty. And, let me 
think , . . I have sixty degrees to go. So these are thirty. It is not 
clear where the insight about the isosceles triangle came from, although 
it seems likely that it had to do with the subject's consideration of tangents 
A plausible sequence is that the subject may have considered the central 
angle, thought of tangents to the circle, noticed the radii perpendicular 
to the tangents, and reinembered that they were congruent. 

VTe returned to the theorem. The subject draw a diagram as I 
stated the theorem, then said,. *'So this is two J and that's J. ^' and 
marked the arc and inscribed angle. The subject again completed the 
inscribed triangle- The subject said, *^What I was thinicing of doing is 
• . • radii . . • and . . • to bisect. But see, the thing is . . , the 
tb.ing about doing that . . • is I could bisect the ar like that. Or I 
can draw out to the sides - " The subject drew radii to the three points 
on the circle and notec! that they were all ccngruent, forming isosceles 
trix ngles. I discouraged the specification of the bisector of the angle. 
The subject then drew a diagra^m with inscribed angle in one semicircle, 
and r discouraged that* 
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The subject seemed not to be making progress, and I suggested 
trying the case in which a side of the angle is a diameter. Once again* 
the subject drew a* m1 triangle and marked the inscribed angle 

J and the arc and le as 2J. The subject also noted the angle 

formed by the stc scribed and c .r4cral angles was J, All the 

pieces seemed to be ,u.:^le, especially when the s^ibject said» **Well* 

I can prove that . • . I was thinking of remote angles* However, the 
structure seemed not to form* Among the following remarks were, 
''That won't prove it. That'll just find out the measure, and *'Maybe 
what I should do Is I should try to get them in the same triangle.'' I 
eventually pointed out the relationships which the su^'o*^^^ accepted but 
still seemed to lack a clear grasp of the situation. 

The nejct week when I brou^.ht up the tht-c rem agam, the subject 
had -jeen it Ln class and recalled the theorem but did not remember 
seeing the proof* The subject drew an inscribed angle with sides in 
--he two semicircles of a circle, drew the central angle for it, drew a 
diameter and connected its end with the other two points on the circle, 
and mentioned that the angles inscribed in the semicircle were right 
angles. However, there seemed to be little progress toward a proof 
of the theorem. 

I suggested that the subject work on the case with one side of the 
angle on the dia.meter. The subject drew a diagram and oncc; again 
completed an inscribed triangle and a radius to form the relevant cen- 
tral angle The subject said, *'These two are supplemen . ary and • , . 
that maices this equal to the^e two, " referring to the central angle^ 
its supplementary angle along the diameter, and tiie inscribed angle 
along with the other base angle of the isosceles tri£"'*le. I said, 
"What do you know about that exterior angle compared to th 'ire?" 
The subject said, "They're the same. Oh, so if I could prove cse 
, ♦ . oh, okay. Then these tvo arc radii, so they are congn-erit 
. . . Okay, so I can figure that out ... Okay, so that makes • * this 
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one half . • . because these two angles are congruent, and this is con- 
gruent to these two. * . • So that makes two times . , . 

I siuggeated working on the second case, with the angle in two 
semicircles. The subject drew an angle with both sides in one semi- 
circle. When I ;H3inted this out, :hc subject drew an appropriate dia- 
gram, completing the inscribed triangle, and drew a radius of the 
circle through the chord opposite the inscribed angle. There was 
some discussion about how this bisector would not geneially extend to 
the vertex of the inscribed angle, 

I drew a diagram with the sides on opposite sides of the diameter 
and ad-?ed the diameter. The subject drew the chord from t^- o^ the 

diameter to on/* end of the inscribed angle and spelled out the proof that 
the arc is twice the inscribed angle formed by the diameter and one side 
of the initial inscribed angle* The subject then added the remaining 
radius to form the central angle on the other side of the diameter Qaot 
adding the chord, for the only time), showing the relation of that cen- 
tral angle to its corresponding inscribed angle, and then jvorking out 
tlie algebra to show that the complete inscribed angle v .3 one-haU of 
the sum of the two arcs. 

On the third case, a solution was worked out, but it involved 
considerable guidance, including my suggesting use of the diameter, 
suggesting that the diamter was the side of two angles, and shading 
tile t>art the central angle that was to be subtracted to obtain the 
central angle for the initial inscribed angle* 

Subject 6^ Subject ' did not find a proof of the theorem initially. 
The subject drew a diagj j.m and included a diameter and a chord from 
the two ends of the inscribed angle. The subject mentioned some 
properties of congr- ^nt arcs and mentioned central angles, but did 
not construct a central angle. 



Suoject o solved the problem in Figure 23* The subjt-ct noted 
that OB was a radius, inferred that / BOC was ^0^ , and inferred that 
/AOB was 120^, Subject 6 mentioned that a triangle formed by a 
radius and a chord was equilateral. After some thought, the subject 
inferred that the two outer angles in tKe triangle were eq^^ial. This led 
to the solution and u. remark that the subject really had meant that the 
triangle was isosceles, rather than equilaterml. 

Returning to the theorem, the subject began with th** angles sides 
on opposite sides of tho diameter and was not making pros:.ress. I sug- 
gested making one Pide of the angle a diameter* The subject said» 
*'Ah-hah* You make a central angle from A to O. " The subject special 
ized the problem by making the central angle 90*^ (although it appeared 
to be about 80*-^). The mscribed angle was then found to be 45*^» and the 
subject noted that this was inferred from the base angles of the isosce* 
les triangle, formed by two radii. 

When the the* rem was presentee again a week later^ the subject 
recalled its being covered in class the previous day and drew a diagram 
for it. Thf subject remembered that there were several cases and tha.t 
the first case involved a side of the angle as the diameter of th^* circle. 
The subject also recalled that the proof involved use of a triangle. The 
triangle that th--- subject constructed wcls formed by adding the chord of 
the circle to connect the ends of the angle. The subject noted tliat this 
was a right triaxigie, but wa.'= proceed further^ 

I suggested that the triangle the subject had constructed was not 
the one needed to prove the theorem- This was sufficient for the sub- 
ject to construct the triangle formed by the radius of the circle. The 
subject constructed a sketch of the proof of the theorem, using con- 
gruent angles based on the isosceles triangle (the subject mentioned 
the radius and chord of the circle), supplementary angles at the center 
of the circle, and the equality of the central angle with its >^.terceptea 



arc. The subject then recalled the other trvro cases and proved them 
by relationa of addition and subtraction of angles and arcs. 

Subject 4 . I gave the proMenr: in Figure 2 3 to Subject 4 without 
presenting the theorem first- The subject was unable to completely 
solve the problem Independently. The measure of /BQC was inferred, 
aa was l^BOA. Then the subject conjectured th*it the remaining angles 
of the triangle were congruent, out did not find a justification for this. 
I eventually directed the subject's attention t.- the fact that the sides of 
the triangles were radii, malcing it an isosceles triangle, which made 
th ^ angles congruent. 

I defined an inscribed angle and Subject 4 drew an appropriate 
diagram with the diameter between the sides of the angle, but the sub- 
ject did not have definite ideas of how to proceed. The following week. 
Subject 4 was able tr> state the theorem, but was not able to make sub- 
stantial progress toward proving it. For the case with a diameter as 
one side of the angle, I was able to prompt the construction of the rele- 
vant central angle by asking about an angle equal to the arc. The sub- 
ject considered the triangle at some length, including the possibility 
that it might be a 45-45-90 triangle as well as that it might be isosce- 
les. When I encouraged the idea that the triangle was isosceles, thr. 
subject worked out the argxime— that the inscribed acgle was one*l»If 
the central angle, using the si. of angles in the triangle and the sup- 
plementary relation of the angles at the center of the circle. I sug- 
gested that the subject nnight be able to decide whether the triangle 
was isosceles, and the subject identified the sides as radii. It was 
not clear that the subject had a strong grasp of the proof; the subject 
expressed some uncertainty after getting aU the components of the 



step and one tiiat Perdix cannot perform. Once the first case is 



solution* 



Oiscussion. The problem is evidently hard in several ways. 
The theorem must be analysed into cases, which is a motivational 
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>;eneratcd, the construction of the central an^Le must be included. 
Then the relation oi this angle to the ieioscele^ tric.ngie and the 
inscribed angle as one of the base angles of the imoscoletj triangle 
must b«- seen. This complicat-ed set of relations was seen independ- 
ently by two of the subjects » but not the others. However, it was 
under stooa aiter study of it in cK. :^is by all but one of the subjects. 
We can conjecture that the clasrt study may have Led to the students 

"ing a planning structure like those programmed in Perdix. Exten- 
tiion to the case Lnvo' ing addition seemed much easier than to the 
case involving subtra tion. This suggests that the spatial operation 
of angle addition may be much n-'cre easily performed than angle sub- 
traction^ at least in the configuration involved here where addition 
involves a simple concatenation of both the inscribed and central angles, 
but the central angle for the inscribed angle : ie semicircle is not 
contained in i .'.' inscribed angle, creating a complicated spatial 

c onf Lguration* 

Problem 9 

The final problcrri involving con *: ructions involved an extension 
of the well-known problem of finding the- area of a parallelogram* The 
Wertheimer (1959) transformation had been presented in the class* I 
presented a related problem: finding the area of a trapezoid. The dia- 
14 rams shown with this problem are in Figure 26. 

I presented Panel (a) of Figure 26 to Subject 2 and asked the sub- 
ject to recall th.e formula for the area and give a proof of the formula. 
(A ^ ^ (bj + b^) where h is the attitude and b^ and b2 are the bases. ) 
V/ith the other subjects, I begar by asking for calculation of the area 
of a trapezoid with numerical values for the bases rather than for proof 
of the formula. If the subject used a formxila for the area, asked for 
j\: <7tification. Ln presenting the problem, I omitted to specify the altitude 
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of the t rape /.Old, I thought that presenting the altitude and the bases 
mi^ht provide too strong a cue ior recall of the formula for the area. 

Subject 2. The subject retrieved the correct formula and, when 
asked for a proof, dropped pe rpendicula r a frcm the t\*.o ^jppcr corners. 
The subject was working on the idea of finding the arca^ of the triangles 
and adding them to the area of the rectangle, but did not find a way to 
express the aieas of the triangles. The problem seemed to be finding 
the lengths of the bases. 

I reminded Subject 2 of the Wei-theimer transformation of a paral- 
lelogram* This led the subject to try another construction wich the 
trape2:oid. The subject added a line from the upper left corner of the 
trapezoid, parallel to the right side, thus forming parallelogram. 
Ht-wever, the subject remarked that the lengths oi the parts of the base 
could not be found. Tne subject did not recognizee thai the base - " the 
parallelogram formed by the construction was equal to the top base of 
the trapezoid since they are opposite sides of a parallelogram. 

1 then presented Panel (fa) of Figure Zr- to Subject 2, who con- 
structed a triangle and a rectangle in the obvious way and -derived the 
formula. This led to solution of the original problem. The subject 
labeled the bases of the two triai-^los x and y, noted that the ar^as of 
the triangles were ^ x and y* and then realized that ?c + y is the dif* 
ference between the t^o bases, leading to the formula. 

I reminded the subject again about the transformation for the area 
of a parallelogram and asked the subject to try to find a transformation 
of the trapezoid that would form a rectangle. This led to the suggestion 
using the right trapezoid o- extending the top base to a point above the 
lower right corner and then finding r area as the differences between 
the rectangle formed by the construction ar the tri.-.ngle exterior to 
the trapezoid. 

SO 
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Fiirally, the subject recalled a transformation involving a hori- 
zontal partition through the center of the trapcoid. with a lao*^ rota- 
tion to for.-n a paralJelogram. The height of the r^Ilelog ram is . 
and the base is the sum of the baaes of the trapezoid, giving the 
formula. 

Subject 3. Subject ^ calculated that area of the trapo ;oid using 
an impressive transformation of the figure. A constructi on was per- 
formed, involving two atixiliary lines that formed a rectangle and two 
triangles. Then the two triangles were considered as a singlt triangle, 
with base equal to the difference between the trapezoid's b;4ae^. This 
was done nix-ne rically , withr ise of a formula. 

: presented a parallelogi and asked Subject 3 to recall the 
formula for its area. The subject -ecaUed r. formula and volunteered 
the justification involving 'ranslatjig a triangle. 

Next 1 presented the right trapezoid in P'anel ( b) of Figure Z'^. 1 
asked t\e subject to give a formula for its area. The subject labeled 
the lower bage b2 , the upper base b^ , and the altitude h. T subject's 
first attempt at a formula was A = h (b2 - b^) + 1 /2h (i,^ ~ bj). but the 
subject corrected this to A = hbj + 1 /2h (b2 - b^. The subject ex- 
pressed interest in simplifying the formula, but did not see a way to 
do tt. The subject and I worked through some algebra to arrive at 
A = l/2h (bi + bj). 

I returned to the original problem. Panel (a), and asked th'^ sub- 
ject to show that "the same thing would work." The subject labeled 
the bases and height in the same way as in the right trapezoid and 
labeled points A. B, C, and D along the lower base. Then the subject 
remarked that - b^ would equal AB + CO. the length of the base of 
the triangle formed by combining the two triangles from the ends of 
the trapezo; i. Then the formula A = hb, + 1/Zh (b, - b,) «ras derived. 
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I predrntct: ri^^it trripczoid a^^ain, I rcmmtJod the > ibjt^ct of 

*he Wrrtheimirr transformation an'-J a^ked whc^thcr the trapezoid could 
bf t rannforr :*^d into a rectan|j,lo. The subject was quite skeptical. 
The tirst attempt involved d rawinj;; a lino p*i ralLel to the right le^ of 
the trape;toid. starting; at the upper left corner, but that was not judj^ed 
to make progress toward a rectangle • WTien I einpha y ' 2 ed that -vhat 
was wanted wa^s a rect,inj;Ie the same area as the trapezi-^id^ *he sub- 
ject iiaid that would oe '^a little fatter. " and then conntructod a line 
midway between the ends of the two bases. The transformation was 
described: *'Chop off that little piece and add it to th*;-. The subject 
also worked out the formula for the length of the rectangle, starting 
with + 1/2 Cb2 - bp and deriving, 1/2 (bj + b2)- ^hen I asked about 
the area, the subjer^t wrote the expression h 1/2 {h^ + b,)* 

I presented another trapezoid that was not right and asked the 
subject to '^apply that to a trapezoid without the special property. 
The subject did this successfully, but it was n*. clear wn / the length 
of the rectangle was b^ + ^ (b2 - The subji ct ren-^rked, "Okay, 

it works out every time, but i don't see why* I do see v ly, I mea^-, i 
xinderstand all tht: steps, it's just that. .i^ically looking at it, it doesn't 
make sense. " 1 finally presented the icea that the rectangle's length 
was the average of the two bases » and this seemed satisfactory to the 
subject . 

Subject 4 , Whijn Subject 4 was asked for the area of the trape* 
zoid in Panel (a) of Figure 26, the subject drew two altitudes and tried 
to remember the formula. The subject mei-tioned the heigh*" of the 
figure, but did not remember the formula or ask for any specific 
information* I sketched a parallelogram and gave the base as 3 and 
asked for the area. The subject again drew an altitude but did not ask 
its length* It is quite possible that the subject assumed that the infor^ 
mation given would be adequate to solve the problem. The altit-ude 
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conatructed by tne aubjcct appeared to form an isosceles ri«ht fri- 
angle, and the subject attempted to use thva but waa unable to. 

I drew another parallelogram and went throuijh somethi g Uke 
the Wertheimer -Resnick training procedure (aee Rcsnick & Glaser. 
1976) with the subject, who apparently understood the concept. Then 
i preacntcd Panel (b> of Figure 26, with bases 3 and 5. The subject 
constructed an altitude, which 1 gave as 2 1/2. The subject found the 
area by decomposing the trapezoid into a rectangle and a triangle and 
adding the areas of the two parts. X worked out the formula with the 
subject, who then applied it correctly to the trapezoid in Panel {a), 
with th~ height given. 

Subject 5. Subject 5 was asked to calculate the area of Panel (a), 
asked for the altitude, and said the area was the altitude times the 
avt ^ ige of the bases. The subject said that this was because he 
figure could oe made into a rectangle. 1 z ^kcd about this, and the 
^'•bject changed to a transformation into a parallelogram. The trans - 
lormation used was the one tnvolvmg a horizontal vision and rotation 
of the top so that a long parallelogram is formed. Note that this makes 
the area (height over 2) X (sxim of bases) rather than (height) X (aver- 
age of bas^s). I surmise that the specific form of the transformati 
into a rectangle was not obvious to the subject, who thought of th« 
alternative transformation. 
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I sketched a parallelogram, which the subject transformed into 
a rectangle by moving a triangle from one end to the other. Then I 
presented Panel (b) of Figure 26 and asked the subject to find a trans- 
formation involving an altitude midway between the ends of the two 
bases and specified that it wo-old be at the midpoint of the right leg of 
the figure. WTien asked to go back to the formula, the subject noted 
that the length of the rectangle would be the average of the two bases. 
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We return«^ci to Pan**l (a) of FxRUre Ziy, and 1 aciked tht? aubj«*ct 
for ^ t rAn»lormation tri u recta gle. The lirat transformation oifi^rrd 
was the horizontal partition and rotation into a pa.raUelog rntn with 
height of one-half that of the tr;%pezoid* followed by moving a triangle 
from one end of the pa ralleloj^ram to the other, When I asked for a 
transformation into a rectangle with the same height as the trapezoid^ 
the subject produced the transformation involving aHitadcs midway 
between the ends of the bases. 

Subject 6 . When Subject b was Riven Pane* <t), the subject asked 
for the altitude, then calculated the are^ using the formula- Wlien I 
asked for a proof, the subject divided the trapezoid into a rectangle 
and two triangles, but was uncertain of how to find th< lengths of the 
parts of the lower base forming the bo *es of tr ^ triangles. The sub- 
ject realized that if one of these was known» the problem would be 
•tolvable, 

1 presented a parallelogram and asked for t'>e formula for area 
and a proof. The subject gave Wertneimer's tra m fo rrr.ation. 1 then 
rerurned to Panel (a) of Figure Z6 and iskcd for a transformation into 
a rectangle. The subject tried the transformation shown in Figure 27, 
apparently analogous to Wertheimer's transformation o the parallelo- 
gram. This probably was a case of trying to work forward, applying 
a known transformation to the situation rather than selecting a trans^ 
formation based on a plan-based pattern related to the goal* 

I presented Fanel (b) of Figure 26 and asked the subject for the 
area. The subjec- proposed transforming the figure into a rectangle^ 
The subject* s first suggestion involved extending the top so it was the 
same length as the bottom and dropping a perpendicular* The subject 
realized that this rectangle had greater area than the trapezoid. Re- 
moving the triangle f • om the trapezoid was also considered, but the 
subject was apparently not making headway. I suggested that the sub- 
ject might consider working with just part of the triangle p and then I 
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prt:p<.>s«*d that thr rec' )n>ilr yl^ould hiiVM* tht: nanie altituijr* ^ .h th«^ 
traprtoLci and asked how lon>; itn lon>;th would b*-, Thr subject indi- 
cati-d It would be the aum ot the base:* divided by two. FoUowinK 
*iuKk;^=*tion to s*how where a line that lon^ would end m the diagram, 
the subject generated the constr :^ tion involving bisection of the right 
lef; of the trapeiioid and an argument that the triangle removed by 
that construction 19 con^rxaent * the triangle formed by the construe* 
tion and the extended upper base of the trapezoid. 

Hetrurninc to Panel (a) of Figure the subject applied the trans 

foriT^ation to Loth ends of the trapt-r.oid and noted that tht- re3ult4.ng 
length i» one-half the tium of th'? bases, 

LKgcusa ion.. The moat frequent spontaneous construction was 
to divide the figure into forms for which area could be calculated 
easily, an action that seems consistent with Perdlx's *;eneral proce- 
dure. This was done by Subjects 2, 3, 4, and 6, with Subject 3 per- 
forming the additional mte re ntinii; transformation of concatenatin>; the 
two triangles formed by the initial constructions. Subjects 2 and 5 
(;;enerated or remembered a transformation into a parallelogram 
tnvolvini^ a horizontal partition. The use of Wertheimcr's transfor- 
mation of the parallelogram did not readil. transfer to the trapezoid 
problem m the way he suggested. Instead, t suggested constructions 
involving removal of a tria.ngle from one end of the trapezoid tha.t are 
not productive nd were seen as unsatisfactory by the su.bjects« 

By and .-^rge, the schemata for rectangles and triangles app-^^ar 
to have been the salient guiding structures for these constructions, 
except in the cases where Wertheimer's transformation suggested 
use of parallel lines. However, in these cases the constructions 
•.vere probably generated by local factors produced by my presenting 
the parallelogram problem in the situation. 
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In this section, the main characteristics of the protocols are 
8\zrazrxarized« 

Prohlexns 1 and 2 

Students' work on Problems 1 and 2 was consistent with the idea 
that they had a pattern of parallel lines intersected by a transversal* 
A construction used by several students completed the pattern by ex- 
tending oblique lines so they intersected with both parallels. This 
required using the sum of angles in a triangle to solve the problem* 
Another construction, used especially after its use in another problem, 
involved constructing an additional parallel line, from which the prob- 
lems could be solved using just relations among angles with parallel 
sides. The results show that alternative forms of pattern completion 
can occur. The more salient idea for most students was completion 
of a transversal so that it would intersect both parallel lines* The 
idea of adding the third parallel line in the middle of the diagram was 
not used by some subjects, and for Subject 2 it seemed to have been 
made more salient by experiencing it in another problem. 

These solutions displayed a variety of sequences regarding goals 
and patterns. Frequently the construction appeared to be motivated 
simply by having part of a pattern that seemed to be relevant, thus 
constituting a working -forward sequence. Other solutions seemed to 
Involve rather complete knowledge about the way in which the problem 
would be solved once the pattern was completed. A possibility sug- 
gested by the protocols is that more experienced problem solvers can 
retrieve more differentiated patterns of potential action in the problem 
situation^ thus permitting more complete anticipation of a problem 



solution. 
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The proceasea seen here probably represent relatively global 
spatial- semantic processes that are used to produce patterns known 
to have relevant general features, with detailed formal use of those 
features worked out subsequently* An interesting case of that was 
Subject Z'fl performance on Problem 2, where the pattern produced 
a pair of adjacent angles, and this led to the use of algebra in formu* 
lating the details of the solution. Another use of spatial processing 
was evidenced b/ Subject 5 on Problem 2, The subject had a conjec- 
ture that three quantities sum to a constant, but noticed by mentally 
straightening a pair of segments that all three quantities increased 
together, thus disconf irming the conjecture* 

Probli^ms 3 and 4 

Thesff problems used a pattern with two triangles that share a 
side. The shared side is added to the diagram as a construction* 
In Problem 4, the ccnstvuction involves connecting two points already 
deoigr^atcd in the diagram. This was solved in a straightforward way, 
apparently to complete the pattern, with details of the proof worked 
out later. This appeal's quite consistent witti a top-down planning 
model. Problem 3 liad an additional complexity, since the construc- 
tion used only one point that was designated in the diagram and thus 
had to be specified with another property. The construction and its 
specification were apparently chosen simultaneously by two subjects^ 
consistent with vhe ideei that there are construction theorems that 
specify the nature of permitted constructions (Oerlernter, 1963). 
Three subjects appear<jd to make the construction in two stages, 
with the pattern conz.pleted by a ?.ine and the specification made sepa- 
rately. Of these, one s^ibject's retrospection suggested that the 
specification was chosen from permissive theorems^ and the other 
two apparently considered the goal of having appropriate congruent 
components for the higher goal of proving the triangles congruent. 
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In all cases, the diolce of a construction was probably the result of 
processing in the semantic mod^l,. completing the pattern of triangles 
wilii a shared side, guided by the k£*o^ledj5e that this pattern was a 
prerequisite for a plan for constructing a formal solution of the prob- 
lem. The semantic processing again appePirs to occur at a fairly 
global level, but has conseqTiences involving features at a lower level 
that are used in syntactic processing. 

Problems 5, 6, and 7 

The patterns involved in solving these probSems all involved tri^ 
angles with varying additional constraints. In Problem 6, the plan 
used bv Subjects 2 and 3 is based on the triangle inequality. These 
subjects added a diagnonal to the quadrilateral, thus forming a tri- 
angle whose third side could be bounded by sums and differences of 
sides of the quadrilateral, based on the triangle inequality* Then 
these bounds were considered in deducing bounds for the fourth side 
of the quadrilateral. Subject 2 noticed that the plan could be applied 
in two ways and checked the outcome of using the alternative diagonal. 
This probably resulted from scanning in the dia^gram, although a for- 
mal system could also have to select one of the two diagonals for the 
construction. Subject 3 engaged in some definite spatial processing 
in considering whether the result, obtained with a convex quadrilateral 
in the diagram, would also hold if the quadrilateral were concave. 
Note that the use of a construction is optional in this problem; a good 
solution can be obtained (and was by one subject, partially by another) 
by direct spatial analysis of the problem. The range of solutions is 
consistent with the idea that a construction is generated if the subject 
has a plan associated with the problem goal-^in this case, triangle 
inequality with the goal of finding bounds on a side of a figure. 

In Problem 7, the plan used (or tried) by all subjects was the 
Pythagorean tb^sorem, which requires a right triangle. The hard 
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part of this problem was apparently finding the major problem goal. 
This requires sophisticated spatial processing; the two subjects who 
succeeded drew good diagrams representing the three-dimensional 
object clearly. Having identified the goal clearly, it was apparently 
straightforward to determine that a right triangle having that diagonal 
as a side could be constructed^ using a diagonal of a surface as one of 
its legs and an edge as the other leg. Some fairly powerful spatial 
processing must be involved in this, but it sSrems plausibly a case of 
pattern completion guided by the plan of using the Pythagorean theorem 
and the consequent goal of constructing an appropriate right triangle. 
Note that for Subject 6» the goal of using right triangles v/as also sali- 
ent, but the spatial representation availa^ble did not lead to finding the 
right triangle that was needed. 

Performance on Problem 5 can be interpreted as the result of 
lacking an appropriate plan. Subject Z apparently remembered some 
features of the proof of the inequality, including the exterior angle and 
an isosceles triangle. However, in constructing the triangle the sub- 
ject used the wrong parts of the triangle and v^-as unable to get a proof. 
Other subjects appeared to be casting about for a helpful construction^ 
considering the bisector of an angle, a median, or an altitude. £)spec- 
ially in the case of Subject 4^ this seemed to be chosen on the basis of 
ane.logy with the problem of proving congruence of the base angles of an 
Isosceles triangle. The triangle inequality was mentioned by three sub* 
jects, and the sum of angles in a triangle was mentioned by one subject. 
It may be that these subjects were searching for a relevant formal 
proposition that m.lght be used in a plan to solve the problem* 

Problem 8 

This problem requires use of a pattern of a central angle for the 
arc of a circle* The case analysis required for generating a proof wa»B 
not produced spontaneously by these subjects, and only two of them 
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seemed to remeirsber the cases clearly after instruction had been 
given. Subject Z was able to solve the problem in Case 2, including 
generating the diameter as a construction after making the central 
angle. This solution depended on using algebra, showing an interest- 
ing use of a formal system to keep track of the numerous components 
that had to be related. Subject 3's solution to the problem depended 
on a suggestion to try Case 1, where the subject included the central 
axigle easQy. In Case 2, Subject 3 was able to applv the solution of 
Case 1 quite directly, first constructing the diameter and then working 
out the additive relationships informally. 

Subjects 3, 5, and 6 all completed inscribed triangles by adding 
chords at least once, and for Subject 5 thlB was a serious distraction. 
Subject 3 rejected the idea when the only formal property that was 
recalled involved congruence of chords which seemed irrelevant to 
the problem goal. Subject 5 also considered bisecting the arc. a sensi- 
ble attempt to relate one -half of its measure to the inscribed angle. 

The use of the central angle in the auxUiary problem apparently 
made the pattern with the central angle more salient for Subjects 5 and 
6, who were able to prove Case 1 of the theorem after solving that 
problem. 

Problem ^ 

This problem provided further illustrations of pattern-based 
constructions, but the subjects also showed several examples of inter- 
esting interaction between formal and spatial reasoning. 

Three of the five subjects began by constructing altitudes that 
partitioned the given trapezoid into a rectangle and two triangles. 
This seems a straightforward example of a plan-based construction. 
The goal was to find area; formulas were known for rectangles and 
triangles, but prerequisites for those are presence of rectangles or 
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triangles. The constructions produced these. To use the constructed 
figures, the problem solver must identify their dimensions. (This 
requirement is probably identified in the formalism.) Subjects 2 and 
5 were unable to identify the bases of the triangles; note that Subject 2 
was trying to do this with general notation (b|^ and b2) rather than with 
numerical values. Subject 3 solved the problem by an ingenious trans* 
formation in which the two triangles were concatenated to form a sin- 
gle triangle with known height and total base of b^ - bj. 

The protocols included an ijriteresting case of generalisation* 
apparently involving interaction between spatial and formal properties. 
It was especially clear for Subject 2, although there was at least a 
recognition of the similarity by Subject 3 on the same point. In the 
right trapezoid, only one altitude is needed, forming a rectangle and 
a single triangle. In this situation* the length of the triangle's base is 
more easily seen as the difference between the two bases of the trape- 
zoid. (Note that Subject 4 also identified the difference in this case.) 
Having found a formula including reference to the difference (presuma- 
bly cued by spatial features). Subject 2 then transferred that formal 
idea to the general case, with help from algebra (the bases of the two 
triangles were labeled x and y). If wc interpret the solution of the 
problem for the right trapezoid as the building of a production with the 
difference between the bases as one of its components, then the solu- 
tion of the general case seems to involve generalizing the , conditions 
for applying the production, including some procedures for combining 
separate comp>onent8 of the situation. 

The protocols also contained illustrations of using transforma- 
tions that had been learned previously, sometimes with interesting 
modifications in response to new constraints. A transformation that 
was apparently remembered and applied directly by Subject 2 and 5 
involved **slicing" the trapezoid horizontally and rotating the upper 
half to form a parallelogram. More interesting instances occurred 
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after Wertheimer's transformation of the paraUelogram was presented 
in the situation. Subjects 2 and 3 both applied this transformation to 
the trapezoid by removing a triangle from one end of the trapezoid. 
The construction used was to draw a line from the upper left corneT 
parallel to the right leg of the trapezoid. Note that this modifies one 
of the properties of the transformation as it occurs in the parallelo- 
gram problem. There the construction involves an altitude, which 
produces a figure in which the vertical sides are parallel (and, as it 
happens, perpendicular to the bases). When the parallel line is con- 
structed, there is no way to move the triangle to form a parallelo- 
gram, although the parallelogram pattern may have served to motivate 
the construction initially- 
Subject 6's response after the presentation of Wertheimer's 
transformation preserved the constraint of a perpendicular line. 
When the triangle was moved to the other side, it was rotated rather 
than being simply translated as it is in the parallelogram. Further, 
it does not fit imless there is a transformation made on the left side 
to obtain a leg perpendicular to the bases. The subject's analysis of 
the result of the transformation was rather weak; the subject noted 
the parallel lines in the diagram and inferred that there would be a 
parallelogram (apparently forgetting that the triangle from the right 
side was being removed). Note that Subject 5 also considered con- 
structing an altitude and translating the triangle thus formed to the 
other end of the trapezoid when I asked for a transformation into a 
rectangle. This is a sensible construction to attempt since it creates 
some of the features of a rectangle (the right angles at the right end of 
the figure) and corresponds to the first steps of Wertheimer's trans- 
formation, so is "the same" in a noticeable sense. However, it can- 
not be completed, as Subject 5 and 6 both recognized. 

The request to transform a right trapezoid into a rectangle led 
three subjects to add a triangular region to the trapezoid, and Subject 6 
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also considered removing a triangle. The constraint to have the same 
area led Subjects 3 and 5 to make the construction midway between the 
endpoints of the bases (recall Subject 3*s remark that it would be '*a 
little fatter")- For Subject 6, an additional hint was needed, involving 
the suggestion to use part of the triangle and keep the altitude of the 
trapezoid. 

The generalization of the transformation of the right trapezoid 
to the general case was accomplished easily by Subjects 3 3.nd 6, al* 
though not by Subject 5. For this subject, an additional constraint 
was given as a hint to keep the rectangle the same height as the trape- 
zoid. {Recall that Subject 5 first applied the transformation of divid- 
ing the trapezoid horizontally and rotating the top portion. ) 

It seems quite clear that for finding area, plans involving decom^ 
position were more intuitively salient for these subjects than plans 
involving area-preservir»g transpositions into known forms. On the 
other hand, the decomposition of a trapezoid provides little or no 
intuition for the formula A = l/2h {h^ + ^z'* ^® interesting to con- 
sider a sequence of spatial transformations that bear some relation- 
ship to a set of algebraic manipulations that take the decomposition 
into the rectangle. Figure 28 shows one such sequence, starting with 
the addition of length to the shorter base until a rectangle has been 
formed with the same area as the trapezoid. The algebraic trans- 
formation just factor is h, corresponding to the constraint of pre- 
serving the height. The second transformation involves a kind of 
recentering or refocusing, where the 1 jngth of the base resulting 
fronn the first transformation is seen as the average of the two initial 
bases. Algebraically, an expression is simplified. It may be that 
this recentering is improbable; at least in Subject 3's response to the 
idea, it was not clear that there was a stvong intuitive basis for the 
idea of an average length. 
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Most of the data in the protocols for these nine problems seem 
quite clearly interpretable using the general idea, programmed in 
Perdix, that constnictions are made through a process of matching 
some features of a pattern that are present in a situation and adding 
missing features in order to coi^iplete the pattern. In most cases, it 
is reasonable to hypothesize further, as *n Perdix, that the patterns 
are chosen in relation to plans that the problem solver has associated 
with the problem goal active at the time. There are cases, contrary 
to Perdix'a specific procedures, in which constructions appea:r to be 
added in a working -forward manner, based on partially matched pat* 
terns that are not directly connected t^ a goal, but chese seem to be 
considerably J.ess common than goal and plan-based constructions. 
While constructions typically are relevant to the problem goa^. in a 
general way, they usually are not the resxilt of a detailed plan in which 
the problem solver has worked out the specific way in which the con- 
struction will be used in the solution. There are instances in which 
geometri'* properties must be specified for the construction, and the 
construction is specified in a number of stages involving considers;* 
tion of the possible use of the further specified properties in achiev- 
ing the problem goal. 
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